
Ensemble Methods

Introduction to Machine Learning – GIF-7015

Professor: Christian Gagné
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11.1 Ensemble basics



Ensemble methods

• The no free lunch theorem

• No learning algorithm is superior to others for every problem

• Statistical arguments for the use of ensembles

• Average of a set of samples is more reliable than a single sample value

• Eliminate variance by averaging on ensemble decisions

• Removes noise from individual classifier decisions

• Several heads are better than one

• Voting methods

• Error-correcting output codes

• Dynamic sampling of data or features

• Mixture of experts
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Condorcet’s jury theorem

• What is the probability that a jury will get a majority decision that is correct?

• Two possible decisions: correct decision or wrong decision

• Each jury has a p probability of making a correct decision

• When the probability p > 1/2, the probability of correct jury decision tends to 1 with

a very large number of jury participants

• Conversely, with a probability p < 1/2, the probability of a correct jury decision is

reduced by increasing the size of the jury.

• Assumes that the votes are independent and identically distributed (iid)

• Proposed by the Marquis de Condorcet in 1785

• Mathematical justification of democracy, studied in political science
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Ensemble creation approaches

• Different learning algorithms

• Different assumptions about the data (bias and variance)

• Different hyperparameters

• Number of hidden neurons/layers

• Number of neighbours

• Type of covariance matrix

• Different representations

• Different measures/sensors

• Different features (random forest, random subspaces)

• Different training datasets

• Random sampling of data (bagging)

• Sampling according to misclassified data (boosting)
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Complexity, combination, formalization

• Complexity of basic classifiers
• Basic classifiers don’t have to be very precise individually

• Simplicity is often better than performance

• Diversity in classification, specialization in certain fields

• If the classifier errors are independent and identically distributed (iid)

lim
L→∞

Eensemble → EBayes

• Approaches for combinations
• Multiple expert combinations (parallel)

• Votes, mixture of experts, stacked generalization

• Multi-stage combinations (series)

• Next stage classifiers called only when in doubt at previous stages (cascade classifiers)

• Formalization of ensemble methods

h̄(x|Φ) = f(h1(x), h2(x), . . . ,hL(x)|Φ)
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11.2 Votes and Bayesian

combination



Votes

• Voting method

• Assign to the most frequent class among the responses of the basic classifiers

• General formulation: weight each vote by a factor wj

h̄(x) =
L∑

j=1

wjhj(x), where wj ≥ 0, ∀j and
∑
j

wj = 1

• Linear model of parallel combination

• In the case of simple voting, wj = 1/L

• Weights can represent the confidence in each classifier
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Combination of Bayesian models

• Bayesian combination model

P(Ci |x) =
∑
∀Mj

P(Ci |x,Mj)P(Mj)

• wj = P(Mj) and hj(x) = P(Ci |x,Mj)

• Simple voting is the case of a priori equal probabilities, P(Mj) = 1/L
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Bias and variance

• Bias and variance in two-class classifier ensembles

• hj are iid, with expectation E[hj ] and variance Var(hj)

E[h̄] = E

 L∑
j=1

1

L
hj

 =
1

L
LE[hj ] = E[hj ]

Var(h̄) = Var

 L∑
j=1

1

L
hj

 =
1

L2
LVar(hj) =

1

L
Var(hj)

• Variance decreases as the number of independent voters L increases

• With ensembles, we can therefore reduce the variance without affecting the bias.

• Quadratic error is also reduced
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Diversity and negative correlation

• Variance of ensembles, general case

Var(h̄) =
1

L2
Var

∑
j

hj

 =
1

L2

∑
j

Var
(
hj
)

+ 2
∑
j

∑
i>j

Cov(hj ,hi )



• Further variance reduction with negatively correlated voters

• Quadratic error can be reduced, provided the negative correlation does not affect the

bias of the set

• Diversity in the answers of the classifiers in the ensemble

• Goal in the overall training: to obtain classifiers that do not make the same mistakes.

• Borderline case without diversity: L copies of the same classifier
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11.3 Decision matrices and

error-correcting output codes



Decision matrix

• Multi-class classification with ensembles, with weighted vote

h̄i (x) =
∑
j

wi ,jhj ,i (x)

• Decision matrix W: weight values wi ,j

• Decision matrix for a one-against-all classification (example with L = K = 4)

W =


+1 −1 −1 −1

−1 +1 −1 −1

−1 −1 +1 −1

−1 −1 −1 +1


• Ambiguity when a basic classifier makes a bad decision

• Two values h̄i (x) = 0

• Too high similarity between codes (low Hamming distance)
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Ensembles with redundancy

• Decision matrix for one-versus-one decisions (example with K = 4,
L = K (K − 1)/2 = 6)

W =


+1 +1 +1 0 0 0

−1 0 0 +1 +1 0

0 −1 0 −1 0 +1

0 0 −1 0 −1 −1



• Value of wi,j = 0 means the decision is ignored

• Error in a basic classifier does not necessarily imply ambiguity

• Value L grows quadratically with K

• Generalization of the approach: error-correcting output codes

• Use a decision matrix W of preset size L.

• Hamming distance between lines is maximized
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Error-correcting output codes

• Error-correcting Output Codes (ECOC)
• With K classes, there are 2(K−1) − 1 problems with two different classes

• Diversity of discriminants: different columns

• Error correction: different components for a line
• Example of matrix with ECOC (K = 4 and L = 9)

W =


−1 −1 −1 −1 −1 −1 −1 +1 +1

−1 −1 −1 +1 +1 +1 +1 −1 −1

−1 +1 +1 −1 −1 +1 +1 −1 +1

+1 −1 +1 −1 +1 −1 +1 +1 −1


• Minimum difference (Hamming distance) of d = 5 between each pair of lines

• Therefore tolerates up to
⌊
d−1

2

⌋
=

⌊
5−1

2

⌋
= 2 basic classifier errors

• Choice of the class according to h̄i (x) maximum

• Value h̄i (x) normalized in [0, 1] can be interpreted as a probability

• Choice of values W partly arbitrary, some dichotomies may be more difficult than

others
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11.4 Bagging, random subspaces

and random forests



Bagging and random subspaces

• Bagging: ensemble of classifiers trained on slightly different datasets

• Each basic classifier trained on dataset Xj

• Xj : draw with replacement of N data in X
• Replacement: several copies of some data, absence of some others

• Ideally, basic classifiers should be unstable

• Unstable training algorithm: for slightly different datasets, gives classifiers with

different behaviors

• Stable: k-nearest neighbours, parametric classification

• Unstable: multilayer perceptron, Hart condensation

• In general, unstable algorithms have a large variance

• Random subspaces

• Generate each basic classifier by random sampling of a subset of features
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Decision trees

• Decision trees

• Hierarchical (recursive) separation of the input space

• Each node of the tree is a test on a value with discrete outcomes

• Performs a finer and finer division of the input space

• Decision tree properties

• Top-down construction of trees according to performance criteria (ex. entropy)

• Pruning reduces over-specialization

• Useful to extract interpretable decision rules
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Decision trees

By Stephen Milborrow, CC-SA 4.0, https://commons.wikimedia.org/wiki/File:Cart_tree_kyphosis.png.
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Random forest

• Problem with decision trees for classification

• Classifiers with low bias and high variance

• Which implies high risk of overfitting (even if pruning is used)

• Solution: make an ensemble of trees

• Averaging keeps bias low while reducing overall variance

• But the ensemble must include a good diversity of trees

• Generate “randomized” trees with bagging and random subspaces

• To learn each node, use different subsets of data and variables

• Ensemble of random trees corresponds to a random forest

• Averaging tree decisions

• Variance on decisions is a good indicator of overall confidence
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11.5 Boosting



Boosting

• Bagging: requires unstable algorithms
• Passively generated diversity

• Boosting: actively generate new classifiers from data that is difficult for existing
classifiers to handle

1. Randomly divide the dataset into three subsets (X1, X2 and X3)

2. Train Classifier h1 on X1

3. Evaluate data X2 with h1, use misclassified data and an equal number of

well-classified data to form X ′2
4. Train classifier h2 on X ′2
5. Evaluate data X3 with h1 and h2, use data where h1 and h2 disagree to form X ′3
6. Train classifier h3 on X ′3

• Evaluate data classification: test data with h1 and h2, if they disagree, use

decision of h3

• Improves performance, but requires very large datasets
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AdaBoost

• AdaBoost (adaptive boosting): reuse the same dataset for basic classifiers

• Unlike classic boosting, does not require very large datasets

• Can generate an arbitrarily high number of classifiers

• AdaBoost.M1: the probability of sampling a data changes according to the errors
of the basic classifiers

• Initially, pt1 = 1/N, t = 1, . . . ,N

• Sample dataset Xj from X according to probabilities ptj
• Train classifier hj with Xj

• If error rate of hj is higher than εj > 0.5, interrupt the algorithm,

εj =
∑

t p
t
j `0−1 (r t ,hj(xt))

• Calculate the probabilities ptj+1 according to the classification of X with hj
• Repeat to generate the L basic classifiers
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Weak learner

• Boosting and AdaBoost do not require very precise classifiers
• Weak learner: algorithm with an error probability of less than 1/2 in two classes

(better than random classification) and relatively unstable (sustained variations in

classification)

• Using weak learners allows a good diversity for the classification

• Decision stumps: weak learner commonly used with AdaBoost
• Decisions based on a threshold applied to a single dimension

h(x|θ,υ,γ) = sgn(θ(xγ − υ)), θ ∈ {−1,1}, γ ∈ {1, . . . ,D}, υ ∈ R
• Deterministic training of decision stumps

x̃kj = x tj | x̃
1
j ≤ x̃2

j ≤ · · · ≤ x̃k−1
j ≤ x tj ≤ x̃k+1

k ≤ · · · ≤ x̃Nj

vk
j = 0.5(x̃kj + x̃k+1

j ), k = 1, . . . ,N − 1

Aj =
{

(sj ,v
k
j ,j) | ∀sj ∈ {−1,1}, ∀k ∈ {1, . . . ,N − 1}

}
A = A1 +A2 + · · ·+AD

(θ,υ,γ) = argmin
(sj ,u

k
j
,j)∈A

E(h(·|sj ,ukj ,j)|X )
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Errors with AdaBoost
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Ensemble training error

Ensemble test error

Weighted training error of the
current weak classifier
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0.0

20



AdaBoost algorithm

1. Initialize the probabilities of each data, pt1 = 1/N, t = 1, . . . ,N
2. For each basic classifier j = 1, . . . ,L:

2.1 Sample dataset Xj from X according to probabilities ptj
2.2 Train classifier hj with dataset Xj

2.3 Calculate the error of the classifier, εj =
∑

t p
t
j `0−1 (r t ,hj(xt))

2.4 If error εj > 0.5, then L = j − 1 and stop the algorithm

2.5 Calculate βj =
εj

1−εj
2.6 Calculate the new probabilities ptj+1

ptj+1 =
qtj∑
s q

s
j

, qtj =

{
βjp

t
j if hj(xt) = r t

ptj otherwise
, t = 1, . . . ,N

Evaluating the classification of a data: h̄(x) =
L∑

j=1

(
log

1

βj

)
hj(x)
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Example with AdaBoost
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Estimator # 11
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Maximizing margins with AdaBoost

• AdaBoost maximizes margins for the classification

• Learning with higher probabilities for difficult-to-classify data

• Difficult data: data in the margin

• h̄i is the result of a weighted vote

h̄i =
votes for class i − votes against class i

total number of votes

• With many classifiers, h̄i (x)→ 1 if x ∈ Ci and h̄i (x)→ −1 otherwise

• Wide margins ⇒ better generalization

• Many variants of boosting

• LPBoost: learning αj = log 1
βj

by linear programming

• At each generation of basic classifier, relearns the αj of all current classifiers

• Many parallels to be made with SVMs
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11.6 Other combination models



Mixture of experts

• Mixture of experts

• Experts-classifiers specialized on certain aspects of the problem

• Work in parallel, with routing function weighting decisions according to expertise

• Similar to weighted voting, but with non-constant weighting

h̄(x) =
L∑

j=1

wj(x)hj(x)

• Specialization in different regions of reduced space correlation

• Thus generates biased but negatively correlated experts

• Implies an overall reduction of the variance, and thus of the error

• Routing function can be non-linear (e.g. multilayer perceptron)

• May reduce bias, at the risk of increasing variance (overfitting)
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Mixtures of experts

w1
<latexit sha1_base64="mFOSwZJANtIxPaQYiWl3un+lbio=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBKWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOkGnUPRL/hRomQQZKUKGaqfw0+4qkggqLeHYmFbgxzZMsbaMcDrOtxNDY0yGuE9bjkosqAnT6aljdOqULuop7UpaNFX/TqRYGDMSkesU2A7MojcR//Naie1dhSmTcWKpJLNFvYQjq9Dkb9RlmhLLR45gopm7FZEB1phYl87cFkaUEHjujzQS47wLKliMZZnUy6XgvFS+uyhWrrPIcnAMJ3AGAVxCBW6hCjUg0IdneIU378V79z68z1nripfNHMEcvK9f5N+crg==</latexit>

w2
<latexit sha1_base64="aUqAqL4fEF8WvFgGFUEdi0PTnfU=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBKWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/5oecrw==</latexit>

wL
<latexit sha1_base64="SJzEJSHXSGAcfao3KeJwJT31SNA=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx48RDQPSJYwO5lNhszsLDOzSljyCYIn/RNv4tVf8Ec8O0n2YBILGoqqbrq7gpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DhpaJIrROJJeqFWBNOYto3TDDaStWFIuA02YwvJ74zUeqNJPRgxnF1Be4H7GQEWysdP/Uve0WS27ZnQItEy8jJchQ6xZ/Oj1JEkEjQzjWuu25sfFTrAwjnI4LnUTTGJMh7tO2pREWVPvp9NQxOrFKD4VS2YoMmqp/J1IstB6JwHYKbAZ60ZuI/3ntxISXfsqiODE0IrNFYcKRkWjyN+oxRYnhI0swUczeisgAK0yMTWduCyNSCDz3RxqIccEG5S3GskwalbJ3Vq7cnZeqV1lkeTiCYzgFDy6gCjdQgzoQ6MMzvMKb8+K8Ox/O56w152QzhzAH5+sXEaacyQ==</latexit>

h2(·)
<latexit sha1_base64="0JHqzu5bwRHLXXNa5GrxGNUZ+r4=">AAACIHicbVDLSsNAFJ3UV62vaJdugkWom5JUQZdFNy4r2Ac0IUwm03boTCbMTIQQ8i2CK/0Td+JSP8S1kzYL23pg4HDOvdwzJ4gpkcq2v4zKxubW9k51t7a3f3B4ZB6f9CVPBMI9xCkXwwBKTEmEe4ooioexwJAFFA+C2V3hD56wkIRHjyqNscfgJCJjgqDSkm/WXQbVVLBsmvvtpotCri58s2G37DmsdeKUpAFKdH3zxw05ShiOFKJQypFjx8rLoFAEUZzX3ETiGKIZnOCRphFkWHrZPHxunWsltMZc6Bcpa67+3cggkzJlgZ4sospVrxD/80aJGt94GYniROEILQ6NE2opbhVNWCERGCmaagKRIDqrhaZQQKR0X0tXCOKMwaV/ZAHLa7ooZ7WWddJvt5zLVvvhqtG5LSurglNwBprAAdegA+5BF/QAAil4Bq/gzXgx3o0P43MxWjHKnTpYgvH9CyWSo6U=</latexit>

hL(·)
<latexit sha1_base64="MZtT52oJ8RQ+zUPZTBageYP2f1w=">AAACIHicbVDLSsNAFJ34rPUV7dJNsAh1U5Iq6LLoxoWLCvYBTQiTyaQdOpMJMxMhhH6L4Er/xJ241A9x7aTNwrYeGDiccy/3zAkSSqSy7S9jbX1jc2u7slPd3ds/ODSPjnuSpwLhLuKUi0EAJaYkxl1FFMWDRGDIAor7weS28PtPWEjC40eVJdhjcBSTiCCotOSbNZdBNRYsH0/9+4aLQq7OfbNuN+0ZrFXilKQOSnR888cNOUoZjhWiUMqhYyfKy6FQBFE8rbqpxAlEEzjCQ01jyLD08ln4qXWmldCKuNAvVtZM/buRQyZlxgI9WUSVy14h/ucNUxVdezmJk1ThGM0PRSm1FLeKJqyQCIwUzTSBSBCd1UJjKCBSuq+FKwRxxuDCP/KATau6KGe5llXSazWdi2br4bLevikrq4ATcAoawAFXoA3uQAd0AQIZeAav4M14Md6ND+NzPrpmlDs1sADj+xdRWKO/</latexit>

h1(·)
<latexit sha1_base64="J18CDNciH21WFL3U6rvNxxQDXYg=">AAACIHicbVDLSsNAFJ3UV62vaJdugkWom5JUQZdFNy4r2Ac0IUwm03boTCbMTIQQ8i2CK/0Td+JSP8S1kzYL23pg4HDOvdwzJ4gpkcq2v4zKxubW9k51t7a3f3B4ZB6f9CVPBMI9xCkXwwBKTEmEe4ooioexwJAFFA+C2V3hD56wkIRHjyqNscfgJCJjgqDSkm/WXQbVVLBsmvtO00UhVxe+2bBb9hzWOnFK0gAlur7544YcJQxHClEo5cixY+VlUCiCKM5rbiJxDNEMTvBI0wgyLL1sHj63zrUSWmMu9IuUNVf/bmSQSZmyQE8WUeWqV4j/eaNEjW+8jERxonCEFofGCbUUt4omrJAIjBRNNYFIEJ3VQlMoIFK6r6UrBHHG4NI/soDlNV2Us1rLOum3W85lq/1w1ejclpVVwSk4A03ggGvQAfegC3oAgRQ8g1fwZrwY78aH8bkYrRjlTh0swfj+BSPjo6Q=</latexit>

h̄(·)
<latexit sha1_base64="qtgQhulKDtRYEKHIby+9ciOB4sU=">AAACJHicbVDLSsNAFJ3UV62vqAsXbgaLUDclqYIui25cVrAPaEKZTKbt0JlMmJkIJeRrBFf6J+7EhRs/w7WTNgvbeuDC4Zx7ufeeIGZUacf5skpr6xubW+Xtys7u3v6BfXjUUSKRmLSxYEL2AqQIoxFpa6oZ6cWSIB4w0g0md7nffSJSURE96mlMfI5GER1SjLSRBvaJFyCZehzpseTpOMtqHg6FvhjYVafuzABXiVuQKijQGtg/XihwwkmkMUNK9V0n1n6KpKaYkaziJYrECE/QiPQNjRAnyk9nD2Tw3CghHAppKtJwpv6dSBFXasoD05lfqpa9XPzP6yd6eOOnNIoTTSI8XzRMGNQC5mnAkEqCNZsagrCk5laIx0girE1mC1soFpyjhT/SgGcVE5S7HMsq6TTq7mW98XBVbd4WkZXBKTgDNeCCa9AE96AF2gCDDDyDV/BmvVjv1of1OW8tWcXMMViA9f0LITilxQ==</latexit>

+
<latexit sha1_base64="19OJbjgLzN/ZDKqZRXhltvJPLqc=">AAACDHicbVDLSgNBEJz1GeMr6tHLYBAEIexGQY9BLx4TMA9IQpid9CZD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7gpjzoz1/W9vbX1jc2s7t5Pf3ds/OCwcHTeMSjSFOlVc6VZIDHAmoW6Z5dCKNRARcmiGo/up33wCbZiSj3YcQ1eQgWQRo8Q6qXbZKxT9kj8DXiVBRoooQ7VX+On0FU0ESEs5MaYd+LHtpkRbRjlM8p3EQEzoiAyg7agkAkw3nR06wedO6eNIaVfS4pn6dyIlwpixCF2nIHZolr2p+J/XTmx0202ZjBMLks4XRQnHVuHp17jPNFDLx44Qqpm7FdMh0YRal83CFkaVEGThjzQUk7wLKliOZZU0yqXgqlSuXRcrd1lkOXSKztAFCtANqqAHVEV1RBGgZ/SK3rwX79378D7nrWteNnOCFuB9/QItEZu+</latexit>

…

x
<latexit sha1_base64="SPPKxz6zjOc+/I8cu9eqaISctXE=">AAACFXicbVDLSgNBEOz1GeMr6tHLYhA8hd0o6DHoxWME88BkCbOT2WTIPJaZWTEs+QvBk/6JN/Hq2R/x7GyyB5NY0FBUddPdFcaMauN5387K6tr6xmZhq7i9s7u3Xzo4bGqZKEwaWDKp2iHShFFBGoYaRtqxIoiHjLTC0U3mtx6J0lSKezOOScDRQNCIYmSs9NDlyAzDKH2a9Eplr+JN4S4TPydlyFHvlX66fYkTToTBDGnd8b3YBClShmJGJsVuokmM8AgNSMdSgTjRQTq9eOKeWqXvRlLZEsadqn8nUsS1HvPQdmYX6kUvE//zOomJroKUijgxRODZoihhrpFu9r7bp4pgw8aWIKyovdXFQ6QQNjakuS0US87R3B9pyCdFG5S/GMsyaVYr/nmlendRrl3nkRXgGE7gDHy4hBrcQh0agEHAM7zCm/PivDsfzuesdcXJZ45gDs7XL0zEoCs=</latexit>

Gating
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Stacked generalization

• Stacked generalization: two-stage system

• First stage: basic classifiers working in parallel

• Second stage: combination system associating the output of the basic classifiers with

the desired label

h̄(x) = hcomb(h1(x),h2(x), . . . ,hL(x))

• Combination system: standard classifier

• Learn how basic classifiers make mistakes

• Training of the combination system must be done on data not seen by the basic

classifiers

• Allows to estimate and correct the biases of the basic classifiers
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Stacked generalization

h2(·)
<latexit sha1_base64="0JHqzu5bwRHLXXNa5GrxGNUZ+r4=">AAACIHicbVDLSsNAFJ3UV62vaJdugkWom5JUQZdFNy4r2Ac0IUwm03boTCbMTIQQ8i2CK/0Td+JSP8S1kzYL23pg4HDOvdwzJ4gpkcq2v4zKxubW9k51t7a3f3B4ZB6f9CVPBMI9xCkXwwBKTEmEe4ooioexwJAFFA+C2V3hD56wkIRHjyqNscfgJCJjgqDSkm/WXQbVVLBsmvvtpotCri58s2G37DmsdeKUpAFKdH3zxw05ShiOFKJQypFjx8rLoFAEUZzX3ETiGKIZnOCRphFkWHrZPHxunWsltMZc6Bcpa67+3cggkzJlgZ4sospVrxD/80aJGt94GYniROEILQ6NE2opbhVNWCERGCmaagKRIDqrhaZQQKR0X0tXCOKMwaV/ZAHLa7ooZ7WWddJvt5zLVvvhqtG5LSurglNwBprAAdegA+5BF/QAAil4Bq/gzXgx3o0P43MxWjHKnTpYgvH9CyWSo6U=</latexit>

hL(·)
<latexit sha1_base64="MZtT52oJ8RQ+zUPZTBageYP2f1w=">AAACIHicbVDLSsNAFJ34rPUV7dJNsAh1U5Iq6LLoxoWLCvYBTQiTyaQdOpMJMxMhhH6L4Er/xJ241A9x7aTNwrYeGDiccy/3zAkSSqSy7S9jbX1jc2u7slPd3ds/ODSPjnuSpwLhLuKUi0EAJaYkxl1FFMWDRGDIAor7weS28PtPWEjC40eVJdhjcBSTiCCotOSbNZdBNRYsH0/9+4aLQq7OfbNuN+0ZrFXilKQOSnR888cNOUoZjhWiUMqhYyfKy6FQBFE8rbqpxAlEEzjCQ01jyLD08ln4qXWmldCKuNAvVtZM/buRQyZlxgI9WUSVy14h/ucNUxVdezmJk1ThGM0PRSm1FLeKJqyQCIwUzTSBSBCd1UJjKCBSuq+FKwRxxuDCP/KATau6KGe5llXSazWdi2br4bLevikrq4ATcAoawAFXoA3uQAd0AQIZeAav4M14Md6ND+NzPrpmlDs1sADj+xdRWKO/</latexit>

h1(·)
<latexit sha1_base64="J18CDNciH21WFL3U6rvNxxQDXYg=">AAACIHicbVDLSsNAFJ3UV62vaJdugkWom5JUQZdFNy4r2Ac0IUwm03boTCbMTIQQ8i2CK/0Td+JSP8S1kzYL23pg4HDOvdwzJ4gpkcq2v4zKxubW9k51t7a3f3B4ZB6f9CVPBMI9xCkXwwBKTEmEe4ooioexwJAFFA+C2V3hD56wkIRHjyqNscfgJCJjgqDSkm/WXQbVVLBsmvtO00UhVxe+2bBb9hzWOnFK0gAlur7544YcJQxHClEo5cixY+VlUCiCKM5rbiJxDNEMTvBI0wgyLL1sHj63zrUSWmMu9IuUNVf/bmSQSZmyQE8WUeWqV4j/eaNEjW+8jERxonCEFofGCbUUt4omrJAIjBRNNYFIEJ3VQlMoIFK6r6UrBHHG4NI/soDlNV2Us1rLOum3W85lq/1w1ejclpVVwSk4A03ggGvQAfegC3oAgRQ8g1fwZrwY78aH8bkYrRjlTh0swfj+BSPjo6Q=</latexit>

…

x
<latexit sha1_base64="SPPKxz6zjOc+/I8cu9eqaISctXE=">AAACFXicbVDLSgNBEOz1GeMr6tHLYhA8hd0o6DHoxWME88BkCbOT2WTIPJaZWTEs+QvBk/6JN/Hq2R/x7GyyB5NY0FBUddPdFcaMauN5387K6tr6xmZhq7i9s7u3Xzo4bGqZKEwaWDKp2iHShFFBGoYaRtqxIoiHjLTC0U3mtx6J0lSKezOOScDRQNCIYmSs9NDlyAzDKH2a9Eplr+JN4S4TPydlyFHvlX66fYkTToTBDGnd8b3YBClShmJGJsVuokmM8AgNSMdSgTjRQTq9eOKeWqXvRlLZEsadqn8nUsS1HvPQdmYX6kUvE//zOomJroKUijgxRODZoihhrpFu9r7bp4pgw8aWIKyovdXFQ6QQNjakuS0US87R3B9pyCdFG5S/GMsyaVYr/nmlendRrl3nkRXgGE7gDHy4hBrcQh0agEHAM7zCm/PivDsfzuesdcXJZ45gDs7XL0zEoCs=</latexit> hcomb(·)

<latexit sha1_base64="nYzC2UBRq8Po8OjFZpbDcr1ATfE=">AAACLnicbVDLSgMxFM3UV62vqks30VKomzJTBV0W3bisYB/QlpJJ0zY0mQzJHaEMs/ZrBFf6J4ILcesXuDZtZ2FbDwQO5+Ryzz1+KLgB1/1wMmvrG5tb2e3czu7e/kH+8KhhVKQpq1MllG75xDDBA1YHDoK1Qs2I9AVr+uPbqd98ZNpwFTzAJGRdSYYBH3BKwEq9/GlHEhhpGY+SXjzjHGKqpJ8kpQ7tKzjv5Qtu2Z0BrxIvJQWUotbL/3T6ikaSBUAFMabtuSF0Y6KBU8GSXCcyLCR0TIasbWlAJDPdeHZKgotW6eOB0vYFgGfq34mYSGMmNh4uTsOaZW8q/ue1Ixhcd2MehBGwgM4XDSKBQeFpL7jPNaMgJpYQqrnNiumIaELBtrewhdt6JFm4I/ZlkrNFecu1rJJGpexdlCv3l4XqTVpZFp2gM1RCHrpCVXSHaqiOKHpCz+gVvTkvzrvz6XzNv2acdOYYLcD5/gUnoapz</latexit>
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Cascading classifiers

• Cascading classifiers: sequence of basic classifiers
• Moving from one stage to another if the classifier k has a low confidence in its

classification, wj(x) < θj

h̄(x) = hj(x) if wj(x) ≥ θj and wk(x) < θk , ∀k < j

• Confidence wj(x) can correspond to the a posteriori probability P(Ci |x) of the

classifier

• Threshold on confidence θj should be high (high rejection rate) for first stages

• Training of the cascade
• Classifier h1 trained with X1 = X
• Dataset Xj+1 is formed from the rejects of Xj with classifier hj
• Classifier hj+1 trained with dataset Xj+1

• Basic classifiers of increasing complexity
• Simple (inexpensive) classifiers handle most cases

• Complex (expensive) classifiers on the top stages handle difficult cases
28



Cascading classifiers

h2(·)
<latexit sha1_base64="0JHqzu5bwRHLXXNa5GrxGNUZ+r4=">AAACIHicbVDLSsNAFJ3UV62vaJdugkWom5JUQZdFNy4r2Ac0IUwm03boTCbMTIQQ8i2CK/0Td+JSP8S1kzYL23pg4HDOvdwzJ4gpkcq2v4zKxubW9k51t7a3f3B4ZB6f9CVPBMI9xCkXwwBKTEmEe4ooioexwJAFFA+C2V3hD56wkIRHjyqNscfgJCJjgqDSkm/WXQbVVLBsmvvtpotCri58s2G37DmsdeKUpAFKdH3zxw05ShiOFKJQypFjx8rLoFAEUZzX3ETiGKIZnOCRphFkWHrZPHxunWsltMZc6Bcpa67+3cggkzJlgZ4sospVrxD/80aJGt94GYniROEILQ6NE2opbhVNWCERGCmaagKRIDqrhaZQQKR0X0tXCOKMwaV/ZAHLa7ooZ7WWddJvt5zLVvvhqtG5LSurglNwBprAAdegA+5BF/QAAil4Bq/gzXgx3o0P43MxWjHKnTpYgvH9CyWSo6U=</latexit>

hL(·)
<latexit sha1_base64="MZtT52oJ8RQ+zUPZTBageYP2f1w=">AAACIHicbVDLSsNAFJ34rPUV7dJNsAh1U5Iq6LLoxoWLCvYBTQiTyaQdOpMJMxMhhH6L4Er/xJ241A9x7aTNwrYeGDiccy/3zAkSSqSy7S9jbX1jc2u7slPd3ds/ODSPjnuSpwLhLuKUi0EAJaYkxl1FFMWDRGDIAor7weS28PtPWEjC40eVJdhjcBSTiCCotOSbNZdBNRYsH0/9+4aLQq7OfbNuN+0ZrFXilKQOSnR888cNOUoZjhWiUMqhYyfKy6FQBFE8rbqpxAlEEzjCQ01jyLD08ln4qXWmldCKuNAvVtZM/buRQyZlxgI9WUSVy14h/ucNUxVdezmJk1ThGM0PRSm1FLeKJqyQCIwUzTSBSBCd1UJjKCBSuq+FKwRxxuDCP/KATau6KGe5llXSazWdi2br4bLevikrq4ATcAoawAFXoA3uQAd0AQIZeAav4M14Md6ND+NzPrpmlDs1sADj+xdRWKO/</latexit>

h1(·)
<latexit sha1_base64="J18CDNciH21WFL3U6rvNxxQDXYg=">AAACIHicbVDLSsNAFJ3UV62vaJdugkWom5JUQZdFNy4r2Ac0IUwm03boTCbMTIQQ8i2CK/0Td+JSP8S1kzYL23pg4HDOvdwzJ4gpkcq2v4zKxubW9k51t7a3f3B4ZB6f9CVPBMI9xCkXwwBKTEmEe4ooioexwJAFFA+C2V3hD56wkIRHjyqNscfgJCJjgqDSkm/WXQbVVLBsmvtO00UhVxe+2bBb9hzWOnFK0gAlur7544YcJQxHClEo5cixY+VlUCiCKM5rbiJxDNEMTvBI0wgyLL1sHj63zrUSWmMu9IuUNVf/bmSQSZmyQE8WUeWqV4j/eaNEjW+8jERxonCEFofGCbUUt4omrJAIjBRNNYFIEJ3VQlMoIFK6r6UrBHHG4NI/soDlNV2Us1rLOum3W85lq/1w1ejclpVVwSk4A03ggGvQAfegC3oAgRQ8g1fwZrwY78aH8bkYrRjlTh0swfj+BSPjo6Q=</latexit>

…

x
<latexit sha1_base64="SPPKxz6zjOc+/I8cu9eqaISctXE=">AAACFXicbVDLSgNBEOz1GeMr6tHLYhA8hd0o6DHoxWME88BkCbOT2WTIPJaZWTEs+QvBk/6JN/Hq2R/x7GyyB5NY0FBUddPdFcaMauN5387K6tr6xmZhq7i9s7u3Xzo4bGqZKEwaWDKp2iHShFFBGoYaRtqxIoiHjLTC0U3mtx6J0lSKezOOScDRQNCIYmSs9NDlyAzDKH2a9Eplr+JN4S4TPydlyFHvlX66fYkTToTBDGnd8b3YBClShmJGJsVuokmM8AgNSMdSgTjRQTq9eOKeWqXvRlLZEsadqn8nUsS1HvPQdmYX6kUvE//zOomJroKUijgxRODZoihhrpFu9r7bp4pgw8aWIKyovdXFQ6QQNjakuS0US87R3B9pyCdFG5S/GMsyaVYr/nmlendRrl3nkRXgGE7gDHy4hBrcQh0agEHAM7zCm/PivDsfzuesdcXJZ45gDs7XL0zEoCs=</latexit> w1 > ✓1

<latexit sha1_base64="1cux4NQBnhGTFFSxsrh5ucDBhz4=">AAACF3icbVA9SwNBEN3zM8avqKXNYhCswl0UtJKgjWUE8wG549jbbJIlu7fH7pwSjvwNwUr/iZ3YWvpHrN0kV5jEBwOP92aYmRclghtw3W9nZXVtfWOzsFXc3tnd2y8dHDaNSjVlDaqE0u2IGCZ4zBrAQbB2ohmRkWCtaHg78VuPTBuu4gcYJSyQpB/zHqcErOQ/hd61DwMGJPTCUtmtuFPgZeLlpIxy1MPSj99VNJUsBiqIMR3PTSDIiAZOBRsX/dSwhNAh6bOOpTGRzATZ9OYxPrVKF/eUthUDnqp/JzIijRnJyHZKAgOz6E3E/7xOCr2rIONxkgKL6WxRLxUYFJ4EgLtcMwpiZAmhmttbMR0QTSjYmOa2cKqkJHN/ZJEcF21Q3mIsy6RZrXjnler9Rbl2k0dWQMfoBJ0hD12iGrpDddRAFCXoGb2iN+fFeXc+nM9Z64qTzxyhOThfv6uAoEg=</latexit>

w2 > ✓2
<latexit sha1_base64="sftzzLcQcRZvUqIMrVqSaUls2fs=">AAACF3icbVBNS8NAEN34WetX1aOXYBE8lSQKepKiF48V7Ac0IWy2m3bpbjbsTpQS+jcET/pPvIlXj/4Rz27bHGzrg4HHezPMzItSzjQ4zre1srq2vrFZ2ipv7+zu7VcODltaZorQJpFcqk6ENeUsoU1gwGknVRSLiNN2NLyd+O1HqjSTyQOMUhoI3E9YzAgGI/lPoXftw4ACDr2wUnVqzhT2MnELUkUFGmHlx+9JkgmaAOFY667rpBDkWAEjnI7LfqZpiskQ92nX0AQLqoN8evPYPjVKz46lMpWAPVX/TuRYaD0SkekUGAZ60ZuI/3ndDOKrIGdJmgFNyGxRnHEbpD0JwO4xRQnwkSGYKGZutckAK0zAxDS3hREpBJ77I4/EuGyCchdjWSYtr+ae17z7i2r9poishI7RCTpDLrpEdXSHGqiJCErRM3pFb9aL9W59WJ+z1hWrmDlCc7C+fgGu2aBK</latexit>

h̄(x) = h1(x)
<latexit sha1_base64="De9d2aLsnrKtd4zFazgOmSQy0mQ=">AAACRHicbVDLSgMxFM34rPVVdekmWIS6KTNVqBuh6MZlBfuATimZNNOGJpMhyYhlmE/xawRX+gH+gzvRpZhpB+zDAxcO59zLvfd4IaNK2/a7tbK6tr6xmdvKb+/s7u0XDg6bSkQSkwYWTMi2hxRhNCANTTUj7VASxD1GWt7oJvVbD0QqKoJ7PQ5Jl6NBQH2KkTZSr1B1PSRjlyM9lDweJklpwj0/fkzO4BX8c3rOrNUrFO2yPQFcJk5GiiBDvVf4dvsCR5wEGjOkVMexQ92NkdQUM5Lk3UiREOERGpCOoQHiRHXjyYMJPDVKH/pCmgo0nKizEzHiSo25ZzrTE9Wil4r/eZ1I+5fdmAZhpEmAp4v8iEEtYJoW7FNJsGZjQxCW1NwK8RBJhLXJdG4LxYJzNPdH7PEkb4JyFmNZJs1K2TkvV+4uirXrLLIcOAYnoAQcUAU1cAvqoAEweALP4BW8WS/Wh/VpfU1bV6xs5gjMwfr5BbpZsx4=</latexit>

h̄(x) = h2(x)
<latexit sha1_base64="PQv2e38f03pf8DIjkHWkKOdks6g=">AAACRHicbVDLSgMxFM34rPU16tJNsAh1U2aqUDdC0Y3LCvYBnVIyaaYNTTJDkhHLMJ/i1wiu9AP8B3eiSzFtB+zDAxcO59zLvff4EaNKO867tbK6tr6xmdvKb+/s7u3bB4cNFcYSkzoOWShbPlKEUUHqmmpGWpEkiPuMNP3hzdhvPhCpaCju9SgiHY76ggYUI22krl3xfCQTjyM9kDwZpGlxwv0geUzP4BX8c7rlWatrF5ySMwFcJm5GCiBDrWt/e70Qx5wIjRlSqu06ke4kSGqKGUnzXqxIhPAQ9UnbUIE4UZ1k8mAKT43Sg0EoTQkNJ+rsRIK4UiPum87xiWrRG4v/ee1YB5edhIoo1kTg6aIgZlCHcJwW7FFJsGYjQxCW1NwK8QBJhLXJdG4LxSHnaO6PxOdp3gTlLsayTBrlknteKt9dFKrXWWQ5cAxOQBG4oAKq4BbUQB1g8ASewSt4s16sD+vT+pq2rljZzBGYg/XzC7wNsx8=</latexit>

y

y

n

n

h̄(x) = hL(x)
<latexit sha1_base64="t2dt4ibOdc8t8QBY21Bsb2bfCOg="></latexit>
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Overproduction and selection

• h̄(x|Φ) = f (h1(x),h2(x), . . . ,hL(x)|Φ) : meta-classifier

• Each classifier hi (x) can be seen as a feature (or a basic function) of the

meta-classifier

• Overproduction and selection

• Generate a wide variety of candidate classifiers

• E.g. random subspaces method

• Select a subset of these classifiers to form the final ensemble

• Possible selection by feature selection methods

• Sequential forward selection

• Sequential backward selection

• Multiobjective evolutionary algorithms
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11.7 Ensembles in scikit-learn



Scikit-learn

• ensemble.BaggingClassifier: several variants of Bagging classifiers, including

random subspaces

• ensemble.RandomForestClassifier: random forest for classification

• ensemble.AdaBoostClassifier: AdaBoost.SAMME variants of the AdaBoost

algorithm

• ensemble.VotingClassifier: vote of classifiers, including majority vote and

probability weighted summation

• multiclass.OutputCodeClassifier: combination of classifiers with a decision

code, which can be an error-correcting output codes
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