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8.1 Motivations for deep learning



History of neural networks

• 1957: proposal of the perceptron by Frank Rosenblatt

• 1967: demonstration by Marvin Minsky that the perceptron is unable of processing non-linearly

separable data, disinterest in neural approaches

• 1986: Rumelhart, Hinton and Williams demonstrate the use of gradient backpropagation for the

training of multilayer perceptrons

• 1995-2005: development of SVMs, loss of interest in neural networks

• 2006: first deep neural network architectures

• 2012: results for object (Toronto, ImageNet) and speech (Microsoft) recognition demonstrate the

potential of deep learning as a disruptive technology

• 2014: explosion of private investment in machine learning, especially in deep learning

• 2018: ACM Turing Award (“Nobel”prize of computer science) to Bengio, Hinton and LeCun for

their work on deep learning

• 2020-2022: large generative models for text (ChatGPT) and images (DALL-E, Midjourney)
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Emergence of deep networks

• Conditions that allowed the emergence of deep networks:

1. Availability of very large datasets (big data)

2. Availability of massive computing capacity (GPU)

3. New very flexible learning models, with priors that deal better with the curse of

dimensionality
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Representation learning

• Deep network motivation: learning a representation for weakly structured data

• Weakly structured data: data whose information of interest is present in raw

content, without being clearly identified (e.g., image, text, voice)

• As opposed to tabular data, where each variable is clearly identified and has often

been chosen according to the task of interest.

• Deep learning extracts a representation from the raw data that is adapted to the
task in hand.

• Avoids having to engineer a data representation by domain experts

• However, requires a large amount of data to learn the representation from it
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Model composition

• Model compositionality is necessary in machine learning

• Such as for language, we need to compose elements to define a language that gives

meaning to complex notions

• Exploiting compositionality allows an exponential gain in representation power

• Distributed representations, feature learning

• Deep architectures: several levels of representation learning

• Model composition is useful to describe our world effectively

4



Local vs. distributed representation

• Set of distributed (not mutually exclusive) discriminants is exponentially more

statistically efficient than local representations (k-nearest neighbours, clustering)
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Network depth

• Deep networks, when well trained, learn better than fat networks
• Network capacity grows linearly with the width of a layer, exponentially with the

depth of the network

CHAPTER 6. DEEP FEEDFORWARD NETWORKS
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Figure 6.7: Deeper models tend to perform better. This is not merely because the model is
larger. This experiment from Goodfellow 2014det al. ( ) shows that increasing the number
of parameters in layers of convolutional networks without increasing their depth is not
nearly as effective at increasing test set performance. The legend indicates the depth of
network used to make each curve and whether the curve represents variation in the size of
the convolutional or the fully connected layers. We observe that shallow models in this
context overfit at around 20 million parameters while deep ones can benefit from having
over 60 million. This suggests that using a deep model expresses a useful preference over
the space of functions the model can learn. Specifically, it expresses a belief that the
function should consist of many simpler functions composed together. This could result
either in learning a representation that is composed in turn of simpler representations (e.g.,
corners defined in terms of edges) or in learning a program with sequentially dependent
steps (e.g., first locate a set of objects, then segment them from each other, then recognize
them).

203

Figure 6.7 from I. Goodfellow, Y. Bengio and A. Courville, Deep Learning, MIT Press, 2016. Accessed online on October 19, 2020 at

https://www.deeplearningbook.org/contents/mlp.html.

• Fat networks overfit with 20M parameters, deep networks work well with 60M

parameters
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8.2 Autoencoders



Unsupervised pre-training

• Deep networks before 2011: unsupervised pre-training required
• Random initialization of deep networks generates a wide variety of sub-optimal

solutions (local minima)

• Unsupervised pre-training allows to start the backpropagation in a good

configuration (basin of attraction)

CHAPTER 15. REPRESENTATION LEARNING
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Figure 15.1: Visualization via nonlinear projection of the learning trajectories of different
neural networks in function space (not parameter space, to avoid the issue of many-to-one
mappings from parameter vectors to functions), with different random initializations
and with or without unsupervised pretraining. Each point corresponds to a different
neural network, at a particular time during its training process. This figure is adapted
with permission from ( ). A coordinate in function space is an infinite-Erhan et al. 2010
dimensional vector associating every input x with an output y . ( ) madeErhan et al. 2010
a linear projection to high-dimensional space by concatenating the y for many specific x
points. They then made a further nonlinear projection to 2-D by Isomap (Tenenbaum
et al., ). Color indicates time. All networks are initialized near the center of the plot2000
(corresponding to the region of functions that produce approximately uniform distributions
over the class y for most inputs). Over time, learning moves the function outward, to
points that make strong predictions. Training consistently terminates in one region when
using pretraining and in another, non-overlapping region when not using pretraining.
Isomap tries to preserve global relative distances (and hence volumes) so the small region
corresponding to pretrained models may indicate that the pretraining-based estimator
has reduced variance.

533

Figure 15.1 from I. Goodfellow, Y. Bengio and A. Courville, Deep Learning, MIT Press, 2016. Accessed online on October 19, 2020

at https://www.deeplearningbook.org/contents/representation.html. 7
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Autoencoders

• Autoencoder: model allowing to compress the input (encoder) and decompress it
(decoder).

• Objective: compress while keeping the error ∥x− x̂∥2 low

• Decoder weights linked to encoder weights (usually transposed)

x x̂

W1 W>
1<latexit sha1_base64="2wHJHR9j88pxBEi7Qp8fKx+lP4s=">AAACHnicdVDLSgMxFM34rPU11aWbYBFclZkq6LLoxmUF+4DOOGTSTBuaTIYko5RhPkVwpX/iTtzqj7g201ZofRwIHM65l3tywoRRpR3nw1paXlldWy9tlDe3tnd27cpeW4lUYtLCggnZDZEijMakpalmpJtIgnjISCccXRZ+545IRUV8o8cJ8TkaxDSiGGkjBXbF40gPwyjr5LeeFkngBnbVrTkTQOcX+baqYIZmYH96fYFTTmKNGVKq5zqJ9jMkNcWM5GUvVSRBeIQGpGdojDhRfjaJnsMjo/RhJKR5sYYTdX4jQ1ypMQ/NZBFU/fQK8S+vl+ro3M9onKSaxHh6KEoZ1AIWPcA+lQRrNjYEYUlNVoiHSCKsTVsLVygWnKOFf2Qhz8vzRf1P2vWae1KrX59WGxezykrgAByCY+CCM9AAV6AJWgCDe/AAnsCz9Wi9WK/W23R0yZrt7IMFWO9fEVejHw==</latexit>
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Autoencoders training

• Unsupervised training of the autoencoder, to learn representation

• Encoder used to extract a compact representation

• Greedy training, one layer at a time

• Training of the outermost layer

• Addition of a new layer, which is driven individually, with the outer layer being fixed,

and so on

• Nonlinear transfer function between layers

• Necessary, otherwise several linear layers could be simplified into a single layer

• Weight learning by gradient descent

• Output layer added to the encoder, with supervised training

• Complete backpropagation training of the output layer

• Adjustment of encoder weights by backpropagation (fine-tuning)
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Autoencoder training example

x x̂

W1 W>
1
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• Unsupervised weight training W1,

weight W⊤
1 linked

• Minimize error ∥x− x̂∥2

• Intermediate representation in central

values (latent vector z)
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Autoencoder training example

x x̂

W1 W>
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W2 W>
2<latexit sha1_base64="p20+Zd8S2yIZl7idOSn8/IBxiYg=">AAACHnicdVDLSgMxFM34rPU11aWbYBFclZkq6LLoxmUF+4DOOGTSTBuaTIYko5RhPkVwpX/iTtzqj7g201ZofRwIHM65l3tywoRRpR3nw1paXlldWy9tlDe3tnd27cpeW4lUYtLCggnZDZEijMakpalmpJtIgnjISCccXRZ+545IRUV8o8cJ8TkaxDSiGGkjBXbF40gPwyjr5EH91tMiCeyqW3MmgM4v8m1VwQzNwP70+gKnnMQaM6RUz3US7WdIaooZycteqkiC8AgNSM/QGHGi/GwSPYdHRunDSEjzYg0n6vxGhrhSYx6aySKo+ukV4l9eL9XRuZ/ROEk1ifH0UJQyqAUseoB9KgnWbGwIwpKarBAPkURYm7YWrlAsOEcL/8hCnpfni/qftOs196RWvz6tNi5mlZXAATgEx8AFZ6ABrkATtAAG9+ABPIFn69F6sV6tt+nokjXb2QcLsN6/ABG6oyA=</latexit>
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• Addition of two new layers (one in the

encoder and one in the decoder)

• Unsupervised weight training W2,

weight W1 fixed

• Always minimizes error ∥x− x̂∥2

• New intermediate representation

• Can be repeated like this on several

layers
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Autoencoder training example

x

W1

z
<latexit sha1_base64="MtPJA9UMBtwX23MEo2b/tAxBQY8=">AAACFXicbVDLSgNBEOz1GeMr6tHLYhA8hd0o6DHoxWME88BkCbOT2WTIPJaZWSEu+QvBk/6JN/Hq2R/x7GyyB5NY0FBUddPdFcaMauN5387K6tr6xmZhq7i9s7u3Xzo4bGqZKEwaWDKp2iHShFFBGoYaRtqxIoiHjLTC0U3mtx6J0lSKezOOScDRQNCIYmSs9NDlyAzDKH2a9Eplr+JN4S4TPydlyFHvlX66fYkTToTBDGnd8b3YBClShmJGJsVuokmM8AgNSMdSgTjRQTq9eOKeWqXvRlLZEsadqn8nUsS1HvPQdmYX6kUvE//zOomJroKUijgxRODZoihhrpFu9r7bp4pgw8aWIKyovdXFQ6QQNjakuS0US87R3B9pyCdFG5S/GMsyaVYr/nmlendRrl3nkRXgGE7gDHy4hBrcQh0agEHAM7zCm/PivDsfzuesdcXJZ45gDs7XL1AWoC0=</latexit>

W3

h(x)

W2

• Removal of the decoder part of the

network

• Adding an output layer, with as many

outputs as classes

• Supervised training of W3 by

backpropagation

• Weights W1 and W2 also often

fine-tuned by backpropagation
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8.3 Elements of deep learning



Deep learning without unsupervised pre-training

• Unsupervised pre-training of deep networks is generally no longer required

• Various techniques enable direct training of deep networks

• New transfer functions (e.g., ReLU) alleviate gradient dilution problem

• Better initialization of network weights (Xavier and He techniques)

• Random weight deactivation with dropout, enabling better distribution of processing

across the network

• Batch normalization, to renormalize values between layers, enabling some learning

invariances

• Residual links, to distribute input information more directly to deeper layers
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Vanishing gradient problem

• Multilayer perceptron training of more than two hidden layers with
backpropagation does not work well

• Saturated neurons, with very low gradient

• Vanishing gradient from layer to layer
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Transfer functions

• Sigmoid function

• Probabilistic interpretation

• Approximation of a step function (binary)

• Gradient saturation problem

• Transfer functions must include non-linearities 4 2 0 2 4
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0.4

0.6

0.8

1.0

f s
ig

(x
)

sigmoide

• ReLU function (Rectified Linear Unit),
fReLU(a) = max(0,a)

• Simple transfer function model with nonlinearity

• Composition of ReLUs allows piecewize linear

approximations

• Biological motivation of deep networks with ReLU (leaky

integrate-and-fire model)

• Training deep networks with ReLU possible without

unsupervised pre-training
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ReLU
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Deep network initialization

• Initial weight values have a significant effect on gradient values used for learning

• Initial weights too low ⇒ gradient implosion, learning stagnation

• Initial weights too high ⇒ gradient explosion, learning instability

• Make the right trade-off for initializing weights, taking into account the transfer

functions used

• Mathematical justification: example of an L-layer deep network with linear

transfer function

y = WLWL−1 . . . W2W1 x

• Suppose L− 1 first layers identical and equal to W, y = WL (W)L−1 x

• With W = c I and c > 1, explosion of output value, lim
L→∞

y = ∞
• With c < 1, implosion of output value, lim

L→∞
y = 0
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Initialization methods

• Xavier’s method
• Adapted with sigmoid transfer function and tanh.

• Consists of uniform random values in
[
−
√

6
nin+nout

,
√

6
nin+nout

]
, where nin is the

number of inputs and nout is the number of outputs of the neuron associated with

the generated weight

wj,i ∼ U
(
−
√

6

nin + nout
,

√
6

nin + nout

)

• He’s method
• For asymmetrical transfer functions such as ReLU, He’s method is preferable

• Initializes according to a Gaussian distribution that depends on the number of

neuron inputs

wj,i ∼ N
(
0,

2

nin

)
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Dropout

• Dropout: training method that consists in randomly deactivating neurons

• Typically, half of the neurons in the hidden layers (80% of the inputs) are activated

at the presentation of each data during training

• Random masks to select active neurons, a different one for each presentation

• Does a regularization of the network

• Forces the learning of a representation distributed throughout the network

• Makes it difficult for“grandmother cells” to emerge

• Has proven to be very effective in improving the performance of deep networks

• Evaluation of new data at test time by averaging over several selection masks

• Analogy with ensemble learning (seen later in the semester), in particular to bagging

18



Dropout

x1
<latexit sha1_base64="5Bd+sGo7NUCx0htzeaSS0fnGnqg=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOkGnUPRL/hRomQQZKUKGaqfw0+4qkggqLeHYmFbgxzZMsbaMcDrOtxNDY0yGuE9bjkosqAnT6aljdOqULuop7UpaNFX/TqRYGDMSkesU2A7MojcR//Naie1dhSmTcWKpJLNFvYQjq9Dkb9RlmhLLR45gopm7FZEB1phYl87cFkaUEHjujzQS47wLKliMZZnUy6XgvFS+uyhWrrPIcnAMJ3AGAVxCBW6hCjUg0IdneIU378V79z68z1nripfNHMEcvK9f5omcrw==</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y1
<latexit sha1_base64="uW7f3Du+DPswOlcdSs1J1rOGhW0=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ97k36l6tbcGdAq8QpShQLNfuWnN4hJKqg0hGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKrGgOshnx07QuVUGKIqVLWnQTP07kWOhdSZC2ymwGellbyr+53VTE90EOZNJaqgk80VRypGJ0fRzNGCKEsMzSzBRzN6KyAgrTIzNZ2ELI7EQeOGPPBSTsg3KW45llbTqNe+yVn+4qjZui8hKcApncAEeXEMD7qEJPhBg8Ayv8Oa8OO/Oh/M5b11zipkTWIDz9QvQAp28</latexit>

y2
<latexit sha1_base64="grmPR/KiCgeH4i2A6QB0G2Jl5jU=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ/XJ/1K1a25M6BV4hWkCgWa/cpPbxCTVFBpCMdadz03MUGOlWGE00m5l2qaYDLGQ9q1VGJBdZDPjp2gc6sMUBQrW9Kgmfp3IsdC60yEtlNgM9LL3lT8z+umJroJciaT1FBJ5ouilCMTo+nnaMAUJYZnlmCimL0VkRFWmBibz8IWRmIh8MIfeSgmZRuUtxzLKmnVa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTfCDA4Ble4c15cd6dD+dz3rrmFDMnsADn6xfRq529</latexit>

y3
<latexit sha1_base64="20VXIqcvCpJUL7a0odjqyzqLBE0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZJW0GXRjcsKpi20oUymk3boPMLMRAgh3yC40j9xJ279A3/EtdM2C9t64MLhnHu5954wZlQb1/12ShubW9s75d3K3v7B4VH1+KSjZaIw8bFkUvVCpAmjgviGGkZ6sSKIh4x0w+ndzO8+EaWpFI8mjUnA0VjQiGJkrOSnw6yZD6s1t+7OAdeJV5AaKNAeVn8GI4kTToTBDGnd99zYBBlShmJG8sog0SRGeIrGpG+pQJzoIJsfm8MLq4xgJJUtYeBc/TuRIa51ykPbyZGZ6FVvJv7n9RMT3QQZFXFiiMCLRVHCoJFw9jkcUUWwYaklCCtqb4V4ghTCxuaztIViyTla+iMLeV6xQXmrsayTTqPuNeuNh6ta67aIrAzOwDm4BB64Bi1wD9rABxhQ8AxewZvz4rw7H87norXkFDOnYAnO1y/TVJ2+</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x1
<latexit sha1_base64="5Bd+sGo7NUCx0htzeaSS0fnGnqg=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOkGnUPRL/hRomQQZKUKGaqfw0+4qkggqLeHYmFbgxzZMsbaMcDrOtxNDY0yGuE9bjkosqAnT6aljdOqULuop7UpaNFX/TqRYGDMSkesU2A7MojcR//Naie1dhSmTcWKpJLNFvYQjq9Dkb9RlmhLLR45gopm7FZEB1phYl87cFkaUEHjujzQS47wLKliMZZnUy6XgvFS+uyhWrrPIcnAMJ3AGAVxCBW6hCjUg0IdneIU378V79z68z1nripfNHMEcvK9f5omcrw==</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y1
<latexit sha1_base64="uW7f3Du+DPswOlcdSs1J1rOGhW0=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ97k36l6tbcGdAq8QpShQLNfuWnN4hJKqg0hGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKrGgOshnx07QuVUGKIqVLWnQTP07kWOhdSZC2ymwGellbyr+53VTE90EOZNJaqgk80VRypGJ0fRzNGCKEsMzSzBRzN6KyAgrTIzNZ2ELI7EQeOGPPBSTsg3KW45llbTqNe+yVn+4qjZui8hKcApncAEeXEMD7qEJPhBg8Ayv8Oa8OO/Oh/M5b11zipkTWIDz9QvQAp28</latexit>

y2
<latexit sha1_base64="grmPR/KiCgeH4i2A6QB0G2Jl5jU=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ/XJ/1K1a25M6BV4hWkCgWa/cpPbxCTVFBpCMdadz03MUGOlWGE00m5l2qaYDLGQ9q1VGJBdZDPjp2gc6sMUBQrW9Kgmfp3IsdC60yEtlNgM9LL3lT8z+umJroJciaT1FBJ5ouilCMTo+nnaMAUJYZnlmCimL0VkRFWmBibz8IWRmIh8MIfeSgmZRuUtxzLKmnVa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTfCDA4Ble4c15cd6dD+dz3rrmFDMnsADn6xfRq529</latexit>

y3
<latexit sha1_base64="20VXIqcvCpJUL7a0odjqyzqLBE0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZJW0GXRjcsKpi20oUymk3boPMLMRAgh3yC40j9xJ279A3/EtdM2C9t64MLhnHu5954wZlQb1/12ShubW9s75d3K3v7B4VH1+KSjZaIw8bFkUvVCpAmjgviGGkZ6sSKIh4x0w+ndzO8+EaWpFI8mjUnA0VjQiGJkrOSnw6yZD6s1t+7OAdeJV5AaKNAeVn8GI4kTToTBDGnd99zYBBlShmJG8sog0SRGeIrGpG+pQJzoIJsfm8MLq4xgJJUtYeBc/TuRIa51ykPbyZGZ6FVvJv7n9RMT3QQZFXFiiMCLRVHCoJFw9jkcUUWwYaklCCtqb4V4ghTCxuaztIViyTla+iMLeV6xQXmrsayTTqPuNeuNh6ta67aIrAzOwDm4BB64Bi1wD9rABxhQ8AxewZvz4rw7H87norXkFDOnYAnO1y/TVJ2+</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x1
<latexit sha1_base64="5Bd+sGo7NUCx0htzeaSS0fnGnqg=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOkGnUPRL/hRomQQZKUKGaqfw0+4qkggqLeHYmFbgxzZMsbaMcDrOtxNDY0yGuE9bjkosqAnT6aljdOqULuop7UpaNFX/TqRYGDMSkesU2A7MojcR//Naie1dhSmTcWKpJLNFvYQjq9Dkb9RlmhLLR45gopm7FZEB1phYl87cFkaUEHjujzQS47wLKliMZZnUy6XgvFS+uyhWrrPIcnAMJ3AGAVxCBW6hCjUg0IdneIU378V79z68z1nripfNHMEcvK9f5omcrw==</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y3
<latexit sha1_base64="20VXIqcvCpJUL7a0odjqyzqLBE0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZJW0GXRjcsKpi20oUymk3boPMLMRAgh3yC40j9xJ279A3/EtdM2C9t64MLhnHu5954wZlQb1/12ShubW9s75d3K3v7B4VH1+KSjZaIw8bFkUvVCpAmjgviGGkZ6sSKIh4x0w+ndzO8+EaWpFI8mjUnA0VjQiGJkrOSnw6yZD6s1t+7OAdeJV5AaKNAeVn8GI4kTToTBDGnd99zYBBlShmJG8sog0SRGeIrGpG+pQJzoIJsfm8MLq4xgJJUtYeBc/TuRIa51ykPbyZGZ6FVvJv7n9RMT3QQZFXFiiMCLRVHCoJFw9jkcUUWwYaklCCtqb4V4ghTCxuaztIViyTla+iMLeV6xQXmrsayTTqPuNeuNh6ta67aIrAzOwDm4BB64Bi1wD9rABxhQ8AxewZvz4rw7H87norXkFDOnYAnO1y/TVJ2+</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y2
<latexit sha1_base64="grmPR/KiCgeH4i2A6QB0G2Jl5jU=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ/XJ/1K1a25M6BV4hWkCgWa/cpPbxCTVFBpCMdadz03MUGOlWGE00m5l2qaYDLGQ9q1VGJBdZDPjp2gc6sMUBQrW9Kgmfp3IsdC60yEtlNgM9LL3lT8z+umJroJciaT1FBJ5ouilCMTo+nnaMAUJYZnlmCimL0VkRFWmBibz8IWRmIh8MIfeSgmZRuUtxzLKmnVa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTfCDA4Ble4c15cd6dD+dz3rrmFDMnsADn6xfRq529</latexit>

y3
<latexit sha1_base64="20VXIqcvCpJUL7a0odjqyzqLBE0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZJW0GXRjcsKpi20oUymk3boPMLMRAgh3yC40j9xJ279A3/EtdM2C9t64MLhnHu5954wZlQb1/12ShubW9s75d3K3v7B4VH1+KSjZaIw8bFkUvVCpAmjgviGGkZ6sSKIh4x0w+ndzO8+EaWpFI8mjUnA0VjQiGJkrOSnw6yZD6s1t+7OAdeJV5AaKNAeVn8GI4kTToTBDGnd99zYBBlShmJG8sog0SRGeIrGpG+pQJzoIJsfm8MLq4xgJJUtYeBc/TuRIa51ykPbyZGZ6FVvJv7n9RMT3QQZFXFiiMCLRVHCoJFw9jkcUUWwYaklCCtqb4V4ghTCxuaztIViyTla+iMLeV6xQXmrsayTTqPuNeuNh6ta67aIrAzOwDm4BB64Bi1wD9rABxhQ8AxewZvz4rw7H87norXkFDOnYAnO1y/TVJ2+</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y2
<latexit sha1_base64="grmPR/KiCgeH4i2A6QB0G2Jl5jU=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ/XJ/1K1a25M6BV4hWkCgWa/cpPbxCTVFBpCMdadz03MUGOlWGE00m5l2qaYDLGQ9q1VGJBdZDPjp2gc6sMUBQrW9Kgmfp3IsdC60yEtlNgM9LL3lT8z+umJroJciaT1FBJ5ouilCMTo+nnaMAUJYZnlmCimL0VkRFWmBibz8IWRmIh8MIfeSgmZRuUtxzLKmnVa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTfCDA4Ble4c15cd6dD+dz3rrmFDMnsADn6xfRq529</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x1
<latexit sha1_base64="5Bd+sGo7NUCx0htzeaSS0fnGnqg=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOkGnUPRL/hRomQQZKUKGaqfw0+4qkggqLeHYmFbgxzZMsbaMcDrOtxNDY0yGuE9bjkosqAnT6aljdOqULuop7UpaNFX/TqRYGDMSkesU2A7MojcR//Naie1dhSmTcWKpJLNFvYQjq9Dkb9RlmhLLR45gopm7FZEB1phYl87cFkaUEHjujzQS47wLKliMZZnUy6XgvFS+uyhWrrPIcnAMJ3AGAVxCBW6hCjUg0IdneIU378V79z68z1nripfNHMEcvK9f5omcrw==</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y2
<latexit sha1_base64="grmPR/KiCgeH4i2A6QB0G2Jl5jU=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ/XJ/1K1a25M6BV4hWkCgWa/cpPbxCTVFBpCMdadz03MUGOlWGE00m5l2qaYDLGQ9q1VGJBdZDPjp2gc6sMUBQrW9Kgmfp3IsdC60yEtlNgM9LL3lT8z+umJroJciaT1FBJ5ouilCMTo+nnaMAUJYZnlmCimL0VkRFWmBibz8IWRmIh8MIfeSgmZRuUtxzLKmnVa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTfCDA4Ble4c15cd6dD+dz3rrmFDMnsADn6xfRq529</latexit>

y3
<latexit sha1_base64="20VXIqcvCpJUL7a0odjqyzqLBE0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZJW0GXRjcsKpi20oUymk3boPMLMRAgh3yC40j9xJ279A3/EtdM2C9t64MLhnHu5954wZlQb1/12ShubW9s75d3K3v7B4VH1+KSjZaIw8bFkUvVCpAmjgviGGkZ6sSKIh4x0w+ndzO8+EaWpFI8mjUnA0VjQiGJkrOSnw6yZD6s1t+7OAdeJV5AaKNAeVn8GI4kTToTBDGnd99zYBBlShmJG8sog0SRGeIrGpG+pQJzoIJsfm8MLq4xgJJUtYeBc/TuRIa51ykPbyZGZ6FVvJv7n9RMT3QQZFXFiiMCLRVHCoJFw9jkcUUWwYaklCCtqb4V4ghTCxuaztIViyTla+iMLeV6xQXmrsayTTqPuNeuNh6ta67aIrAzOwDm4BB64Bi1wD9rABxhQ8AxewZvz4rw7H87norXkFDOnYAnO1y/TVJ2+</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x1
<latexit sha1_base64="5Bd+sGo7NUCx0htzeaSS0fnGnqg=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOkGnUPRL/hRomQQZKUKGaqfw0+4qkggqLeHYmFbgxzZMsbaMcDrOtxNDY0yGuE9bjkosqAnT6aljdOqULuop7UpaNFX/TqRYGDMSkesU2A7MojcR//Naie1dhSmTcWKpJLNFvYQjq9Dkb9RlmhLLR45gopm7FZEB1phYl87cFkaUEHjujzQS47wLKliMZZnUy6XgvFS+uyhWrrPIcnAMJ3AGAVxCBW6hCjUg0IdneIU378V79z68z1nripfNHMEcvK9f5omcrw==</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y2
<latexit sha1_base64="grmPR/KiCgeH4i2A6QB0G2Jl5jU=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ/XJ/1K1a25M6BV4hWkCgWa/cpPbxCTVFBpCMdadz03MUGOlWGE00m5l2qaYDLGQ9q1VGJBdZDPjp2gc6sMUBQrW9Kgmfp3IsdC60yEtlNgM9LL3lT8z+umJroJciaT1FBJ5ouilCMTo+nnaMAUJYZnlmCimL0VkRFWmBibz8IWRmIh8MIfeSgmZRuUtxzLKmnVa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTfCDA4Ble4c15cd6dD+dz3rrmFDMnsADn6xfRq529</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y1
<latexit sha1_base64="uW7f3Du+DPswOlcdSs1J1rOGhW0=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ97k36l6tbcGdAq8QpShQLNfuWnN4hJKqg0hGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKrGgOshnx07QuVUGKIqVLWnQTP07kWOhdSZC2ymwGellbyr+53VTE90EOZNJaqgk80VRypGJ0fRzNGCKEsMzSzBRzN6KyAgrTIzNZ2ELI7EQeOGPPBSTsg3KW45llbTqNe+yVn+4qjZui8hKcApncAEeXEMD7qEJPhBg8Ayv8Oa8OO/Oh/M5b11zipkTWIDz9QvQAp28</latexit>

y3
<latexit sha1_base64="20VXIqcvCpJUL7a0odjqyzqLBE0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZJW0GXRjcsKpi20oUymk3boPMLMRAgh3yC40j9xJ279A3/EtdM2C9t64MLhnHu5954wZlQb1/12ShubW9s75d3K3v7B4VH1+KSjZaIw8bFkUvVCpAmjgviGGkZ6sSKIh4x0w+ndzO8+EaWpFI8mjUnA0VjQiGJkrOSnw6yZD6s1t+7OAdeJV5AaKNAeVn8GI4kTToTBDGnd99zYBBlShmJG8sog0SRGeIrGpG+pQJzoIJsfm8MLq4xgJJUtYeBc/TuRIa51ykPbyZGZ6FVvJv7n9RMT3QQZFXFiiMCLRVHCoJFw9jkcUUWwYaklCCtqb4V4ghTCxuaztIViyTla+iMLeV6xQXmrsayTTqPuNeuNh6ta67aIrAzOwDm4BB64Bi1wD9rABxhQ8AxewZvz4rw7H87norXkFDOnYAnO1y/TVJ2+</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y1
<latexit sha1_base64="uW7f3Du+DPswOlcdSs1J1rOGhW0=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ97k36l6tbcGdAq8QpShQLNfuWnN4hJKqg0hGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKrGgOshnx07QuVUGKIqVLWnQTP07kWOhdSZC2ymwGellbyr+53VTE90EOZNJaqgk80VRypGJ0fRzNGCKEsMzSzBRzN6KyAgrTIzNZ2ELI7EQeOGPPBSTsg3KW45llbTqNe+yVn+4qjZui8hKcApncAEeXEMD7qEJPhBg8Ayv8Oa8OO/Oh/M5b11zipkTWIDz9QvQAp28</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x1
<latexit sha1_base64="5Bd+sGo7NUCx0htzeaSS0fnGnqg=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOkGnUPRL/hRomQQZKUKGaqfw0+4qkggqLeHYmFbgxzZMsbaMcDrOtxNDY0yGuE9bjkosqAnT6aljdOqULuop7UpaNFX/TqRYGDMSkesU2A7MojcR//Naie1dhSmTcWKpJLNFvYQjq9Dkb9RlmhLLR45gopm7FZEB1phYl87cFkaUEHjujzQS47wLKliMZZnUy6XgvFS+uyhWrrPIcnAMJ3AGAVxCBW6hCjUg0IdneIU378V79z68z1nripfNHMEcvK9f5omcrw==</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y1
<latexit sha1_base64="uW7f3Du+DPswOlcdSs1J1rOGhW0=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ97k36l6tbcGdAq8QpShQLNfuWnN4hJKqg0hGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKrGgOshnx07QuVUGKIqVLWnQTP07kWOhdSZC2ymwGellbyr+53VTE90EOZNJaqgk80VRypGJ0fRzNGCKEsMzSzBRzN6KyAgrTIzNZ2ELI7EQeOGPPBSTsg3KW45llbTqNe+yVn+4qjZui8hKcApncAEeXEMD7qEJPhBg8Ayv8Oa8OO/Oh/M5b11zipkTWIDz9QvQAp28</latexit>

y3
<latexit sha1_base64="20VXIqcvCpJUL7a0odjqyzqLBE0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZJW0GXRjcsKpi20oUymk3boPMLMRAgh3yC40j9xJ279A3/EtdM2C9t64MLhnHu5954wZlQb1/12ShubW9s75d3K3v7B4VH1+KSjZaIw8bFkUvVCpAmjgviGGkZ6sSKIh4x0w+ndzO8+EaWpFI8mjUnA0VjQiGJkrOSnw6yZD6s1t+7OAdeJV5AaKNAeVn8GI4kTToTBDGnd99zYBBlShmJG8sog0SRGeIrGpG+pQJzoIJsfm8MLq4xgJJUtYeBc/TuRIa51ykPbyZGZ6FVvJv7n9RMT3QQZFXFiiMCLRVHCoJFw9jkcUUWwYaklCCtqb4V4ghTCxuaztIViyTla+iMLeV6xQXmrsayTTqPuNeuNh6ta67aIrAzOwDm4BB64Bi1wD9rABxhQ8AxewZvz4rw7H87norXkFDOnYAnO1y/TVJ2+</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x1
<latexit sha1_base64="5Bd+sGo7NUCx0htzeaSS0fnGnqg=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOkGnUPRL/hRomQQZKUKGaqfw0+4qkggqLeHYmFbgxzZMsbaMcDrOtxNDY0yGuE9bjkosqAnT6aljdOqULuop7UpaNFX/TqRYGDMSkesU2A7MojcR//Naie1dhSmTcWKpJLNFvYQjq9Dkb9RlmhLLR45gopm7FZEB1phYl87cFkaUEHjujzQS47wLKliMZZnUy6XgvFS+uyhWrrPIcnAMJ3AGAVxCBW6hCjUg0IdneIU378V79z68z1nripfNHMEcvK9f5omcrw==</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y1
<latexit sha1_base64="uW7f3Du+DPswOlcdSs1J1rOGhW0=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ97k36l6tbcGdAq8QpShQLNfuWnN4hJKqg0hGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKrGgOshnx07QuVUGKIqVLWnQTP07kWOhdSZC2ymwGellbyr+53VTE90EOZNJaqgk80VRypGJ0fRzNGCKEsMzSzBRzN6KyAgrTIzNZ2ELI7EQeOGPPBSTsg3KW45llbTqNe+yVn+4qjZui8hKcApncAEeXEMD7qEJPhBg8Ayv8Oa8OO/Oh/M5b11zipkTWIDz9QvQAp28</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y1
<latexit sha1_base64="uW7f3Du+DPswOlcdSs1J1rOGhW0=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ97k36l6tbcGdAq8QpShQLNfuWnN4hJKqg0hGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKrGgOshnx07QuVUGKIqVLWnQTP07kWOhdSZC2ymwGellbyr+53VTE90EOZNJaqgk80VRypGJ0fRzNGCKEsMzSzBRzN6KyAgrTIzNZ2ELI7EQeOGPPBSTsg3KW45llbTqNe+yVn+4qjZui8hKcApncAEeXEMD7qEJPhBg8Ayv8Oa8OO/Oh/M5b11zipkTWIDz9QvQAp28</latexit>

y2
<latexit sha1_base64="grmPR/KiCgeH4i2A6QB0G2Jl5jU=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ/XJ/1K1a25M6BV4hWkCgWa/cpPbxCTVFBpCMdadz03MUGOlWGE00m5l2qaYDLGQ9q1VGJBdZDPjp2gc6sMUBQrW9Kgmfp3IsdC60yEtlNgM9LL3lT8z+umJroJciaT1FBJ5ouilCMTo+nnaMAUJYZnlmCimL0VkRFWmBibz8IWRmIh8MIfeSgmZRuUtxzLKmnVa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTfCDA4Ble4c15cd6dD+dz3rrmFDMnsADn6xfRq529</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x1
<latexit sha1_base64="5Bd+sGo7NUCx0htzeaSS0fnGnqg=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOkGnUPRL/hRomQQZKUKGaqfw0+4qkggqLeHYmFbgxzZMsbaMcDrOtxNDY0yGuE9bjkosqAnT6aljdOqULuop7UpaNFX/TqRYGDMSkesU2A7MojcR//Naie1dhSmTcWKpJLNFvYQjq9Dkb9RlmhLLR45gopm7FZEB1phYl87cFkaUEHjujzQS47wLKliMZZnUy6XgvFS+uyhWrrPIcnAMJ3AGAVxCBW6hCjUg0IdneIU378V79z68z1nripfNHMEcvK9f5omcrw==</latexit>

y1
<latexit sha1_base64="uW7f3Du+DPswOlcdSs1J1rOGhW0=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ97k36l6tbcGdAq8QpShQLNfuWnN4hJKqg0hGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKrGgOshnx07QuVUGKIqVLWnQTP07kWOhdSZC2ymwGellbyr+53VTE90EOZNJaqgk80VRypGJ0fRzNGCKEsMzSzBRzN6KyAgrTIzNZ2ELI7EQeOGPPBSTsg3KW45llbTqNe+yVn+4qjZui8hKcApncAEeXEMD7qEJPhBg8Ayv8Oa8OO/Oh/M5b11zipkTWIDz9QvQAp28</latexit>

y2
<latexit sha1_base64="grmPR/KiCgeH4i2A6QB0G2Jl5jU=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ/XJ/1K1a25M6BV4hWkCgWa/cpPbxCTVFBpCMdadz03MUGOlWGE00m5l2qaYDLGQ9q1VGJBdZDPjp2gc6sMUBQrW9Kgmfp3IsdC60yEtlNgM9LL3lT8z+umJroJciaT1FBJ5ouilCMTo+nnaMAUJYZnlmCimL0VkRFWmBibz8IWRmIh8MIfeSgmZRuUtxzLKmnVa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTfCDA4Ble4c15cd6dD+dz3rrmFDMnsADn6xfRq529</latexit>

y3
<latexit sha1_base64="20VXIqcvCpJUL7a0odjqyzqLBE0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZJW0GXRjcsKpi20oUymk3boPMLMRAgh3yC40j9xJ279A3/EtdM2C9t64MLhnHu5954wZlQb1/12ShubW9s75d3K3v7B4VH1+KSjZaIw8bFkUvVCpAmjgviGGkZ6sSKIh4x0w+ndzO8+EaWpFI8mjUnA0VjQiGJkrOSnw6yZD6s1t+7OAdeJV5AaKNAeVn8GI4kTToTBDGnd99zYBBlShmJG8sog0SRGeIrGpG+pQJzoIJsfm8MLq4xgJJUtYeBc/TuRIa51ykPbyZGZ6FVvJv7n9RMT3QQZFXFiiMCLRVHCoJFw9jkcUUWwYaklCCtqb4V4ghTCxuaztIViyTla+iMLeV6xQXmrsayTTqPuNeuNh6ta67aIrAzOwDm4BB64Bi1wD9rABxhQ8AxewZvz4rw7H87norXkFDOnYAnO1y/TVJ2+</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x1
<latexit sha1_base64="5Bd+sGo7NUCx0htzeaSS0fnGnqg=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOkGnUPRL/hRomQQZKUKGaqfw0+4qkggqLeHYmFbgxzZMsbaMcDrOtxNDY0yGuE9bjkosqAnT6aljdOqULuop7UpaNFX/TqRYGDMSkesU2A7MojcR//Naie1dhSmTcWKpJLNFvYQjq9Dkb9RlmhLLR45gopm7FZEB1phYl87cFkaUEHjujzQS47wLKliMZZnUy6XgvFS+uyhWrrPIcnAMJ3AGAVxCBW6hCjUg0IdneIU378V79z68z1nripfNHMEcvK9f5omcrw==</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y1
<latexit sha1_base64="uW7f3Du+DPswOlcdSs1J1rOGhW0=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ97k36l6tbcGdAq8QpShQLNfuWnN4hJKqg0hGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKrGgOshnx07QuVUGKIqVLWnQTP07kWOhdSZC2ymwGellbyr+53VTE90EOZNJaqgk80VRypGJ0fRzNGCKEsMzSzBRzN6KyAgrTIzNZ2ELI7EQeOGPPBSTsg3KW45llbTqNe+yVn+4qjZui8hKcApncAEeXEMD7qEJPhBg8Ayv8Oa8OO/Oh/M5b11zipkTWIDz9QvQAp28</latexit>

y2
<latexit sha1_base64="grmPR/KiCgeH4i2A6QB0G2Jl5jU=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ/XJ/1K1a25M6BV4hWkCgWa/cpPbxCTVFBpCMdadz03MUGOlWGE00m5l2qaYDLGQ9q1VGJBdZDPjp2gc6sMUBQrW9Kgmfp3IsdC60yEtlNgM9LL3lT8z+umJroJciaT1FBJ5ouilCMTo+nnaMAUJYZnlmCimL0VkRFWmBibz8IWRmIh8MIfeSgmZRuUtxzLKmnVa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTfCDA4Ble4c15cd6dD+dz3rrmFDMnsADn6xfRq529</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y1
<latexit sha1_base64="uW7f3Du+DPswOlcdSs1J1rOGhW0=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ97k36l6tbcGdAq8QpShQLNfuWnN4hJKqg0hGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKrGgOshnx07QuVUGKIqVLWnQTP07kWOhdSZC2ymwGellbyr+53VTE90EOZNJaqgk80VRypGJ0fRzNGCKEsMzSzBRzN6KyAgrTIzNZ2ELI7EQeOGPPBSTsg3KW45llbTqNe+yVn+4qjZui8hKcApncAEeXEMD7qEJPhBg8Ayv8Oa8OO/Oh/M5b11zipkTWIDz9QvQAp28</latexit>

y2
<latexit sha1_base64="grmPR/KiCgeH4i2A6QB0G2Jl5jU=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ/XJ/1K1a25M6BV4hWkCgWa/cpPbxCTVFBpCMdadz03MUGOlWGE00m5l2qaYDLGQ9q1VGJBdZDPjp2gc6sMUBQrW9Kgmfp3IsdC60yEtlNgM9LL3lT8z+umJroJciaT1FBJ5ouilCMTo+nnaMAUJYZnlmCimL0VkRFWmBibz8IWRmIh8MIfeSgmZRuUtxzLKmnVa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTfCDA4Ble4c15cd6dD+dz3rrmFDMnsADn6xfRq529</latexit>

y3
<latexit sha1_base64="20VXIqcvCpJUL7a0odjqyzqLBE0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZJW0GXRjcsKpi20oUymk3boPMLMRAgh3yC40j9xJ279A3/EtdM2C9t64MLhnHu5954wZlQb1/12ShubW9s75d3K3v7B4VH1+KSjZaIw8bFkUvVCpAmjgviGGkZ6sSKIh4x0w+ndzO8+EaWpFI8mjUnA0VjQiGJkrOSnw6yZD6s1t+7OAdeJV5AaKNAeVn8GI4kTToTBDGnd99zYBBlShmJG8sog0SRGeIrGpG+pQJzoIJsfm8MLq4xgJJUtYeBc/TuRIa51ykPbyZGZ6FVvJv7n9RMT3QQZFXFiiMCLRVHCoJFw9jkcUUWwYaklCCtqb4V4ghTCxuaztIViyTla+iMLeV6xQXmrsayTTqPuNeuNh6ta67aIrAzOwDm4BB64Bi1wD9rABxhQ8AxewZvz4rw7H87norXkFDOnYAnO1y/TVJ2+</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x2
<latexit sha1_base64="eB8l/es/KO4zXVFsGKFYBpqVa6E=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOuVOoeiX/CnQMgkyUoQM1U7hp91VJBFUWsKxMa3Aj22YYm0Z4XScbyeGxpgMcZ+2HJVYUBOm01PH6NQpXdRT2pW0aKr+nUixMGYkItcpsB2YRW8i/ue1Etu7ClMm48RSSWaLeglHVqHJ36jLNCWWjxzBRDN3KyIDrDGxLp25LYwoIfDcH2kkxnkXVLAYyzKpl0vBeal8d1GsXGeR5eAYTuAMAriECtxCFWpAoA/P8Apv3ov37n14n7PWFS+bOYI5eF+/6DGcsA==</latexit>

y3
<latexit sha1_base64="20VXIqcvCpJUL7a0odjqyzqLBE0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZJW0GXRjcsKpi20oUymk3boPMLMRAgh3yC40j9xJ279A3/EtdM2C9t64MLhnHu5954wZlQb1/12ShubW9s75d3K3v7B4VH1+KSjZaIw8bFkUvVCpAmjgviGGkZ6sSKIh4x0w+ndzO8+EaWpFI8mjUnA0VjQiGJkrOSnw6yZD6s1t+7OAdeJV5AaKNAeVn8GI4kTToTBDGnd99zYBBlShmJG8sog0SRGeIrGpG+pQJzoIJsfm8MLq4xgJJUtYeBc/TuRIa51ykPbyZGZ6FVvJv7n9RMT3QQZFXFiiMCLRVHCoJFw9jkcUUWwYaklCCtqb4V4ghTCxuaztIViyTla+iMLeV6xQXmrsayTTqPuNeuNh6ta67aIrAzOwDm4BB64Bi1wD9rABxhQ8AxewZvz4rw7H87norXkFDOnYAnO1y/TVJ2+</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x1
<latexit sha1_base64="5Bd+sGo7NUCx0htzeaSS0fnGnqg=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOkGnUPRL/hRomQQZKUKGaqfw0+4qkggqLeHYmFbgxzZMsbaMcDrOtxNDY0yGuE9bjkosqAnT6aljdOqULuop7UpaNFX/TqRYGDMSkesU2A7MojcR//Naie1dhSmTcWKpJLNFvYQjq9Dkb9RlmhLLR45gopm7FZEB1phYl87cFkaUEHjujzQS47wLKliMZZnUy6XgvFS+uyhWrrPIcnAMJ3AGAVxCBW6hCjUg0IdneIU378V79z68z1nripfNHMEcvK9f5omcrw==</latexit>

y2
<latexit sha1_base64="grmPR/KiCgeH4i2A6QB0G2Jl5jU=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ/XJ/1K1a25M6BV4hWkCgWa/cpPbxCTVFBpCMdadz03MUGOlWGE00m5l2qaYDLGQ9q1VGJBdZDPjp2gc6sMUBQrW9Kgmfp3IsdC60yEtlNgM9LL3lT8z+umJroJciaT1FBJ5ouilCMTo+nnaMAUJYZnlmCimL0VkRFWmBibz8IWRmIh8MIfeSgmZRuUtxzLKmnVa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTfCDA4Ble4c15cd6dD+dz3rrmFDMnsADn6xfRq529</latexit>

y3
<latexit sha1_base64="20VXIqcvCpJUL7a0odjqyzqLBE0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZJW0GXRjcsKpi20oUymk3boPMLMRAgh3yC40j9xJ279A3/EtdM2C9t64MLhnHu5954wZlQb1/12ShubW9s75d3K3v7B4VH1+KSjZaIw8bFkUvVCpAmjgviGGkZ6sSKIh4x0w+ndzO8+EaWpFI8mjUnA0VjQiGJkrOSnw6yZD6s1t+7OAdeJV5AaKNAeVn8GI4kTToTBDGnd99zYBBlShmJG8sog0SRGeIrGpG+pQJzoIJsfm8MLq4xgJJUtYeBc/TuRIa51ykPbyZGZ6FVvJv7n9RMT3QQZFXFiiMCLRVHCoJFw9jkcUUWwYaklCCtqb4V4ghTCxuaztIViyTla+iMLeV6xQXmrsayTTqPuNeuNh6ta67aIrAzOwDm4BB64Bi1wD9rABxhQ8AxewZvz4rw7H87norXkFDOnYAnO1y/TVJ2+</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x1
<latexit sha1_base64="5Bd+sGo7NUCx0htzeaSS0fnGnqg=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOkGnUPRL/hRomQQZKUKGaqfw0+4qkggqLeHYmFbgxzZMsbaMcDrOtxNDY0yGuE9bjkosqAnT6aljdOqULuop7UpaNFX/TqRYGDMSkesU2A7MojcR//Naie1dhSmTcWKpJLNFvYQjq9Dkb9RlmhLLR45gopm7FZEB1phYl87cFkaUEHjujzQS47wLKliMZZnUy6XgvFS+uyhWrrPIcnAMJ3AGAVxCBW6hCjUg0IdneIU378V79z68z1nripfNHMEcvK9f5omcrw==</latexit>

y1
<latexit sha1_base64="uW7f3Du+DPswOlcdSs1J1rOGhW0=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ97k36l6tbcGdAq8QpShQLNfuWnN4hJKqg0hGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKrGgOshnx07QuVUGKIqVLWnQTP07kWOhdSZC2ymwGellbyr+53VTE90EOZNJaqgk80VRypGJ0fRzNGCKEsMzSzBRzN6KyAgrTIzNZ2ELI7EQeOGPPBSTsg3KW45llbTqNe+yVn+4qjZui8hKcApncAEeXEMD7qEJPhBg8Ayv8Oa8OO/Oh/M5b11zipkTWIDz9QvQAp28</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x1
<latexit sha1_base64="5Bd+sGo7NUCx0htzeaSS0fnGnqg=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOkGnUPRL/hRomQQZKUKGaqfw0+4qkggqLeHYmFbgxzZMsbaMcDrOtxNDY0yGuE9bjkosqAnT6aljdOqULuop7UpaNFX/TqRYGDMSkesU2A7MojcR//Naie1dhSmTcWKpJLNFvYQjq9Dkb9RlmhLLR45gopm7FZEB1phYl87cFkaUEHjujzQS47wLKliMZZnUy6XgvFS+uyhWrrPIcnAMJ3AGAVxCBW6hCjUg0IdneIU378V79z68z1nripfNHMEcvK9f5omcrw==</latexit>

y3
<latexit sha1_base64="20VXIqcvCpJUL7a0odjqyzqLBE0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVZJW0GXRjcsKpi20oUymk3boPMLMRAgh3yC40j9xJ279A3/EtdM2C9t64MLhnHu5954wZlQb1/12ShubW9s75d3K3v7B4VH1+KSjZaIw8bFkUvVCpAmjgviGGkZ6sSKIh4x0w+ndzO8+EaWpFI8mjUnA0VjQiGJkrOSnw6yZD6s1t+7OAdeJV5AaKNAeVn8GI4kTToTBDGnd99zYBBlShmJG8sog0SRGeIrGpG+pQJzoIJsfm8MLq4xgJJUtYeBc/TuRIa51ykPbyZGZ6FVvJv7n9RMT3QQZFXFiiMCLRVHCoJFw9jkcUUWwYaklCCtqb4V4ghTCxuaztIViyTla+iMLeV6xQXmrsayTTqPuNeuNh6ta67aIrAzOwDm4BB64Bi1wD9rABxhQ8AxewZvz4rw7H87norXkFDOnYAnO1y/TVJ2+</latexit>

h
<latexit sha1_base64="LDGEWR8K+8rRlFcV+qCvqZmGlyg=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4TMA9IljA76SRD5rHMzAphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZpCgyqudDsiBjiT0LDMcmjHGoiIOLSi8f3Mbz2BNkzJRzuJIRRkKNmAUWKdVB/1iiW/7M+B10mQkRLKUOsVf7p9RRMB0lJOjOkEfmzDlGjLKIdpoZsYiAkdkyF0HJVEgAnT+aFTfOGUPh4o7UpaPFf/TqREGDMRkesUxI7MqjcT//M6iR3chimTcWJB0sWiQcKxVXj2Ne4zDdTyiSOEauZuxXRENKHWZbO0hVElBFn6I43EtOCCClZjWSfNSjm4Klfq16XqXRZZHp2hc3SJAnSDqugB1VADUQToGb2iN+/Fe/c+vM9Fa87LZk7REryvX5IZm/s=</latexit>

x1
<latexit sha1_base64="5Bd+sGo7NUCx0htzeaSS0fnGnqg=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOTSTJkHsvMrBiWfILgSf/Em3j1F/wRz06SPZjEgoaiqpvurijmzFjf//ZWVtfWNzZzW/ntnd29/cLBYd2oRBNaI4or3YywoZxJWrPMctqMNcUi4rQRDW8mfuORasOUfLCjmIYC9yXrMYKtk+6fOkGnUPRL/hRomQQZKUKGaqfw0+4qkggqLeHYmFbgxzZMsbaMcDrOtxNDY0yGuE9bjkosqAnT6aljdOqULuop7UpaNFX/TqRYGDMSkesU2A7MojcR//Naie1dhSmTcWKpJLNFvYQjq9Dkb9RlmhLLR45gopm7FZEB1phYl87cFkaUEHjujzQS47wLKliMZZnUy6XgvFS+uyhWrrPIcnAMJ3AGAVxCBW6hCjUg0IdneIU378V79z68z1nripfNHMEcvK9f5omcrw==</latexit>

y1
<latexit sha1_base64="uW7f3Du+DPswOlcdSs1J1rOGhW0=">AAACEHicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl26uwm7GyGE/gbBk/4Tb+LVf+Af8ey2zcG2Phh4vDfDzLww4Uwb1/121tY3Nre2Szvl3b39g8PK0XFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfTf32E1WaxfLRZAkNBB5KFjGCjZX8rJ97k36l6tbcGdAq8QpShQLNfuWnN4hJKqg0hGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKrGgOshnx07QuVUGKIqVLWnQTP07kWOhdSZC2ymwGellbyr+53VTE90EOZNJaqgk80VRypGJ0fRzNGCKEsMzSzBRzN6KyAgrTIzNZ2ELI7EQeOGPPBSTsg3KW45llbTqNe+yVn+4qjZui8hKcApncAEeXEMD7qEJPhBg8Ayv8Oa8OO/Oh/M5b11zipkTWIDz9QvQAp28</latexit>

y3
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Batch normalization

• Modification of a weight by backpropagation based on a local gradient

• Weight of previous and following layers are also modified!

• Batch normalization: normalize activation of neurons between all the data of a
mini-batch

• Mini-batch: small subset of data instances from the training set (typically a few

hundreds)

• Activation of neurons H normalized according to

H′ =
H− µ

σ
, µ =

1

m

∑

i

Hi ,:, σ =

√
ϵ+

∑

i

(H− µ)2i

• H: activation of neurons (row) of a layer for the data of the mini-batch (column)

• ϵ: small value (typically 10−8) to avoid division by zero when variance is zero
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Residual links

• Residual links: allow direct connections between non-adjacent layers (skip links)

identity

weight layer

weight layer

relu

relu

F(x)�+�x

x

F(x)
x

Figure 2. Residual learning: a building block.

are comparably good or better than the constructed solution
(or unable to do so in feasible time).

In this paper, we address the degradation problem by
introducing a deep residual learning framework. In-
stead of hoping each few stacked layers directly fit a
desired underlying mapping, we explicitly let these lay-
ers fit a residual mapping. Formally, denoting the desired
underlying mapping as H(x), we let the stacked nonlinear
layers fit another mapping of F(x) := H(x)�x. The orig-
inal mapping is recast into F(x)+x. We hypothesize that it
is easier to optimize the residual mapping than to optimize
the original, unreferenced mapping. To the extreme, if an
identity mapping were optimal, it would be easier to push
the residual to zero than to fit an identity mapping by a stack
of nonlinear layers.

The formulation of F(x)+x can be realized by feedfor-
ward neural networks with “shortcut connections” (Fig. 2).
Shortcut connections [2, 34, 49] are those skipping one or
more layers. In our case, the shortcut connections simply
perform identity mapping, and their outputs are added to
the outputs of the stacked layers (Fig. 2). Identity short-
cut connections add neither extra parameter nor computa-
tional complexity. The entire network can still be trained
end-to-end by SGD with backpropagation, and can be eas-
ily implemented using common libraries (e.g., Caffe [19])
without modifying the solvers.

We present comprehensive experiments on ImageNet
[36] to show the degradation problem and evaluate our
method. We show that: 1) Our extremely deep residual nets
are easy to optimize, but the counterpart “plain” nets (that
simply stack layers) exhibit higher training error when the
depth increases; 2) Our deep residual nets can easily enjoy
accuracy gains from greatly increased depth, producing re-
sults substantially better than previous networks.

Similar phenomena are also shown on the CIFAR-10 set
[20], suggesting that the optimization difficulties and the
effects of our method are not just akin to a particular dataset.
We present successfully trained models on this dataset with
over 100 layers, and explore models with over 1000 layers.

On the ImageNet classification dataset [36], we obtain
excellent results by extremely deep residual nets. Our 152-
layer residual net is the deepest network ever presented on
ImageNet, while still having lower complexity than VGG
nets [41]. Our ensemble has 3.57% top-5 error on the

ImageNet test set, and won the 1st place in the ILSVRC
2015 classification competition. The extremely deep rep-
resentations also have excellent generalization performance
on other recognition tasks, and lead us to further win the
1st places on: ImageNet detection, ImageNet localization,
COCO detection, and COCO segmentation in ILSVRC &
COCO 2015 competitions. This strong evidence shows that
the residual learning principle is generic, and we expect that
it is applicable in other vision and non-vision problems.

2. Related Work

Residual Representations. In image recognition, VLAD
[18] is a representation that encodes by the residual vectors
with respect to a dictionary, and Fisher Vector [30] can be
formulated as a probabilistic version [18] of VLAD. Both
of them are powerful shallow representations for image re-
trieval and classification [4, 48]. For vector quantization,
encoding residual vectors [17] is shown to be more effec-
tive than encoding original vectors.

In low-level vision and computer graphics, for solv-
ing Partial Differential Equations (PDEs), the widely used
Multigrid method [3] reformulates the system as subprob-
lems at multiple scales, where each subproblem is respon-
sible for the residual solution between a coarser and a finer
scale. An alternative to Multigrid is hierarchical basis pre-
conditioning [45, 46], which relies on variables that repre-
sent residual vectors between two scales. It has been shown
[3, 45, 46] that these solvers converge much faster than stan-
dard solvers that are unaware of the residual nature of the
solutions. These methods suggest that a good reformulation
or preconditioning can simplify the optimization.

Shortcut Connections. Practices and theories that lead to
shortcut connections [2, 34, 49] have been studied for a long
time. An early practice of training multi-layer perceptrons
(MLPs) is to add a linear layer connected from the network
input to the output [34, 49]. In [44, 24], a few interme-
diate layers are directly connected to auxiliary classifiers
for addressing vanishing/exploding gradients. The papers
of [39, 38, 31, 47] propose methods for centering layer re-
sponses, gradients, and propagated errors, implemented by
shortcut connections. In [44], an “inception” layer is com-
posed of a shortcut branch and a few deeper branches.

Concurrent with our work, “highway networks” [42, 43]
present shortcut connections with gating functions [15].
These gates are data-dependent and have parameters, in
contrast to our identity shortcuts that are parameter-free.
When a gated shortcut is “closed” (approaching zero), the
layers in highway networks represent non-residual func-
tions. On the contrary, our formulation always learns
residual functions; our identity shortcuts are never closed,
and all information is always passed through, with addi-
tional residual functions to be learned. In addition, high-

2

From K. He, X. Zhang, S. Ren, and J. Sun, Deep residual learning for image recognition. CVPR, 2016. Accessed online November 6, 2020

at https://arxiv.org/abs/1512.03385.

• Enables much deeper and more powerful networks (ResNets)

• ResNets: winners of ImageNet 2015 competition (3.57% error top 5)

• Facilitates signal optimization and propagation across the network

• Residual block must do some processing to improve the output of the previous block,

otherwise the current block may be ignored.
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8.4 Learning from unstructured

data



Learning from unstructured data

• Classical neural network models process fixed-size vectors
• Assumes data are represented on a predefined number of variables

• Tabular data
• Structured data, with a reasonable number of known variables

• Directly usable by neural networks (e.g. MLP) and other models

• Images
• Matrix of numbers, with each pixel represented by three real values (RGB)

• Unstructured data, large number of variables (millions of pixels per image) and little

significance of individual pixels

• High locality of pixels in images, suitable operators (e.g. convolution) can take

advantage of this

• Text
• Collection of words forming sentences, variable-length sequences

• Extensive vocabulary (∼ 100 000 words in French), with synonyms, homonyms,

related words
22



Representation learning

• Classic pattern recognition pipeline

Segmentation
Feature 

extraction

Classification / 

regression

Decision / 

combining

• In the past, each module was designed independently

• Deep learning allows learning of the representations

• Learning of all modules simultaneously

• Ability to retrieve representations (segmentation, feature extraction) and use them

with other classification and decision-making modules
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Convolution network

• Convolution network: processing temporal or spatial signals

• Time signal: sound and speech

• Spatial signal: image

• Convolution layer: filters convoluted on temporal/spatial data

• Data can be network input values or outputs from previous layers

• Convolution on each channel (multiple channels is possible)

• Learning the filters by backpropagation

• Pooling layer: value selection (maximum of a window)

• Allows to reduce the size of the values, otherwise the size of the model explodes!

• Fully connected neurons output for decision-making

• Presented in detail in the next module
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Convolution network

Convolutions 

Polling Convolutions 

Polling
Convolutions 

Convolutions 
Polling

Fully connected

5 classes
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Filters composition

Y LeCun 
Why Multiple Layers? The World is Compositional 

" Hierarchy of representations with increasing level of abstraction 

" Each stage is a kind of trainable feature transform 

" Image recognition: Pixel → edge → texton → motif → part → object 

" Text: Character → word → word group → clause → sentence → story 

" Speech: Sample → spectral band → sound → … → phone → phoneme → word 

 

 
Trainable  
Classifier 

Low-Level 
Feature 

Mid-Level 
Feature 

High-Level 
Feature 

From G. Hinton, Y. Bengio and Y. LeCun, Deep Learning NIPS’15 Tutorial, 2015. Accessed online on October 19, 2020 at

https://media.nips.cc/Conferences/2015/tutorialslides/DL-Tutorial-NIPS2015.pdf.
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Objects recognition

• ImageNet Large Scale Visual Recognition Challenge: recognize objects in an

image (1000 classes), giving the right class in a top 5

ILSVRC 2012 ILSVRC 2013 ILSVRC 2014

Team % error Team % error Team % error

SuperVision (Toronto) 15.3 Clarifai 11.7 GoogLeNet 6.6

ISI (Tokyo) 26.1 NUS 12.9 VGG (Oxford) 7.3

VGG (Oxford) 26.9 Zeiler-Fergus (NYU) 13.5 MSRA 8.0

XRCE / INRIA 27.0 A. Howard 13.5 A. Howard 8.1

UvA (Amsterdam) 29.6 OverFeat (NYU) 14.1 DeeperVision 9.5

INRIA / LEAR 33.4 UvA (Amsterdam) 14.2 NUS-BST 9.7

Adobe 15.2 TTIC-ECP 10.2

VGG (Oxford) 15.2 XYZ 11.2

VGG (Oxford) 23.0 UvA 12.1
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Text processing

• How to give documents (sequence of strings) to a neural network (vector of

fixed-size real values)?

• Bag-of-Words model (BoW)

• Identify a dictionary of the most frequent / interesting words

• Calculate the frequency of each word for each processed document (vector of

integers of fixed size)

xt = [x t1 ,x
t
2 , . . . ,x

t
v ]

⊤

where x ti is the number of occurrences (integer value) of the i−th word (according

to the dictionary) in the document

• Does not take into account order of the words

• Models with N-gram: measures the frequency of adjacent word groups

• Skip-gram: related words may not be adjacent

28



Word embedding

• Word embedding: projection of words into a vector space capturing semantic
relations.

• Words close together in the vector space have a similar or related meaning

• Postulate that algebraic operations in this space respect a semantic logic.

man

king

queen

woman

• Construction of word embeddings generally done by unsupervised or

self-supervised learning approaches
• Induced space is interesting for performing processing

• For example, input of a neural network for document classification 29



Constructing word embeddings

• Idea: predict words in a sequence to encode text
• Continuous BoW: predict the word according to those preceding and following

(faster)

• Continuous skip-gram: predict preceding and following words according to the word

of interest (more accurate)
C
o
n
ti
n
u
o
u
s
B
o
W

xt
1

xt
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. . .<latexit sha1_base64="GpBzB9EFEdoy558E04APHZh3/24=">AAACEnicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKZtENnMmFmIpTQjxBc6Z+4E7f+gD/i2kmbhW09cOFwzr3ce0+QcKaN6347a+sbm1vbpZ3y7t7+wWHl6LitZaoIbRHJpeoGWFPOYtoyzHDaTRTFIuC0E4zvcr/zRJVmMn40k4T6Ag9jFjGCjZU6fR5Ko8uDStWtuTOgVeIVpAoFmoPKTz+UJBU0NoRjrXuemxg/w8owwum03E81TTAZ4yHtWRpjQbWfzc6donOrhCiSylZs0Ez9O5FhofVEBLZTYDPSy14u/uf1UhPd+BmLk9TQmMwXRSlHRqL8dxQyRYnhE0swUczeisgIK0yMTWhhCyNSCLzwRxaIaR6UtxzLKmnXa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTWkBgDM/wCm/Oi/PufDif89Y1p5g5gQU4X78Ezp5b</latexit>

zt
1

zt
2

zt
k

<latexit sha1_base64="Qhxs8/ASl+tkzABOjfOY4I8J0IU=">AAACKXicbVC7TsMwFHXKq4RXgRGGiAqJqUoKCMYKFsYi0YeUppHjuq1VO4nsG6Q26sLXIDHBn7ABK//AjNtmoC1Hsnx8zr26vieIOVNg259GbmV1bX0jv2lube/s7hX2D+oqSiShNRLxSDYDrChnIa0BA06bsaRYBJw2gsHtxG88UqlYFD7AMKaewL2QdRnBoCW/cDzynTa0WubIL09u1y5dUuHp56ANfqFol+wprGXiZKSIMlT9wk+rE5FE0BAIx0q5jh2Dl2IJjHA6NluJojEmA9yjrqYhFlR56XSLsXWqlY7VjaQ+IVhT9W9HioVSQxHoSoGhrxa9ifif5ybQvfZSFsYJ0JDMBnUTbkFkTSKxOkxSAnyoCSaS6b9apI8lJqCDm5vCSCQEntsjDcTY1EE5i7Esk3q55JyXyvcXxcpNFlkeHaETdIYcdIUq6A5VUQ0R9ISe0St6M16Md+PD+JqV5oys5xDNwfj+BW+rpkI=</latexit>

. . .<latexit sha1_base64="GpBzB9EFEdoy558E04APHZh3/24=">AAACEnicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKZtENnMmFmIpTQjxBc6Z+4E7f+gD/i2kmbhW09cOFwzr3ce0+QcKaN6347a+sbm1vbpZ3y7t7+wWHl6LitZaoIbRHJpeoGWFPOYtoyzHDaTRTFIuC0E4zvcr/zRJVmMn40k4T6Ag9jFjGCjZU6fR5Ko8uDStWtuTOgVeIVpAoFmoPKTz+UJBU0NoRjrXuemxg/w8owwum03E81TTAZ4yHtWRpjQbWfzc6donOrhCiSylZs0Ez9O5FhofVEBLZTYDPSy14u/uf1UhPd+BmLk9TQmMwXRSlHRqL8dxQyRYnhE0swUczeisgIK0yMTWhhCyNSCLzwRxaIaR6UtxzLKmnXa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTWkBgDM/wCm/Oi/PufDif89Y1p5g5gQU4X78Ezp5b</latexit>

W<latexit sha1_base64="VYz/lBTv9TqdAyT+WjSOfNpR7cY=">AAACFXicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxjKC+cDkCHubvWTJ7t6xuyeEI/9CsNJ/Yie21v4Ra/eSK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCsK0Pe2XK27VnQGtEi8nFcjR6Jd/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10dvEUnVllgMJI2ZIGzdS/EykWWk9EYDuzC/Wyl4n/ed3EhNd+ymScGCrJfFGYcGQilL2PBkxRYvjEEkwUs7ciMsIKE2NDWtjCSCQEXvgjDcS0ZIPylmNZJa1a1buo1u4vK/WbPLIinMApnIMHV1CHO2hAEwhIeIZXeHNenHfnw/mctxacfOYYFuB8/QIV+6AK</latexit>

W<latexit sha1_base64="VYz/lBTv9TqdAyT+WjSOfNpR7cY=">AAACFXicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxjKC+cDkCHubvWTJ7t6xuyeEI/9CsNJ/Yie21v4Ra/eSK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCsK0Pe2XK27VnQGtEi8nFcjR6Jd/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10dvEUnVllgMJI2ZIGzdS/EykWWk9EYDuzC/Wyl4n/ed3EhNd+ymScGCrJfFGYcGQilL2PBkxRYvjEEkwUs7ciMsIKE2NDWtjCSCQEXvgjDcS0ZIPylmNZJa1a1buo1u4vK/WbPLIinMApnIMHV1CHO2hAEwhIeIZXeHNenHfnw/mctxacfOYYFuB8/QIV+6AK</latexit>

W<latexit sha1_base64="VYz/lBTv9TqdAyT+WjSOfNpR7cY=">AAACFXicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxjKC+cDkCHubvWTJ7t6xuyeEI/9CsNJ/Yie21v4Ra/eSK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCsK0Pe2XK27VnQGtEi8nFcjR6Jd/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10dvEUnVllgMJI2ZIGzdS/EykWWk9EYDuzC/Wyl4n/ed3EhNd+ymScGCrJfFGYcGQilL2PBkxRYvjEEkwUs7ciMsIKE2NDWtjCSCQEXvgjDcS0ZIPylmNZJa1a1buo1u4vK/WbPLIinMApnIMHV1CHO2hAEwhIeIZXeHNenHfnw/mctxacfOYYFuB8/QIV+6AK</latexit>

W>
<latexit sha1_base64="3pqnyRdvppwmsmvFIGrsfgB8tT0=">AAACHHicbVDLSgMxFM34rPXRUZdugkVwVWaqoMuiG5cV7APasWTSTBuax5BkhDLMlwiu9E/ciVvBH3Ftpp2FbT0QOJxzL/fkhDGj2njet7O2vrG5tV3aKe/u7R9U3MOjtpaJwqSFJZOqGyJNGBWkZahhpBsrgnjISCec3OZ+54koTaV4MNOYBByNBI0oRsZKA7fS58iMwyjtZI99I+OBW/Vq3gxwlfgFqYICzYH70x9KnHAiDGZI657vxSZIkTIUM5KV+4kmMcITNCI9SwXiRAfpLHgGz6wyhJFU9gkDZ+rfjRRxrac8tJN5TL3s5eJ/Xi8x0XWQUhEnhgg8PxQlDBoJ8xbgkCqCDZtagrCiNivEY6QQNrarhSsUS87Rwj/SkGdlW5S/XMsqaddr/kWtfn9ZbdwUlZXACTgF58AHV6AB7kATtAAGCXgGr+DNeXHenQ/ncz665hQ7x2ABztcvydqieg==</latexit>

xt
1

xt
2

. . .

xt
v

<latexit sha1_base64="nQbpdNgKwbxIXknVdPvtYLY4GkQ=">AAACK3icbVDLSgMxFM3UV62vqktBBovgqsxUQZdFNy4r2Ad02iGTpm1oMhmSO6Vl6M6vEVzpn7hS3PoLrk2nXdjWAyGHc+7l3nuCiDMNjvNhZdbWNza3stu5nd29/YP84VFNy1gRWiWSS9UIsKachbQKDDhtRIpiEXBaDwZ3U78+pEozGT7COKItgXsh6zKCwUh+/nTku23wvNzIL6W/xzsSdCoM2+DnC07RSWGvEndOCmiOip//8TqSxIKGQDjWuuk6EbQSrIARTic5L9Y0wmSAe7RpaIgF1a0kvWNinxulY3elMi8EO1X/diRYaD0WgakUGPp62ZuK/3nNGLo3rYSFUQw0JLNB3ZjbIO1pKHaHKUqAjw3BRDGzq036WGECJrqFKYxIIfDCHUkgJjkTlLscyyqplYruZbH0cFUo384jy6ITdIYukIuuURndowqqIoKe0DN6RW/Wi/VufVpfs9KMNe85Rguwvn8Bwmmngg==</latexit>

xt,1
1

xt,1
2

. . .

xt,1
v<latexit sha1_base64="d9LtfcneNRPXtOlfQE8t6u9oQzI=">AAACPHicbVDLSgMxFM3UV62vqks3g0VxIXWmCrosunFZwT6gU0smTdtgMhmSO8Uy9DP8GsGVfoR7d+K2a9POgLb1QODcc+7l5h4/5EyD43xYmaXlldW17HpuY3Nreye/u1fTMlKEVonkUjV8rClnAa0CA04boaJY+JzW/cebiV8fUKWZDO5hGNKWwL2AdRnBYKR2/uz4qe0+xHDqjjwvZ4rSb+HxjgSdyINEzrXzBafoTGEvEjclBZSi0s6PvY4kkaABEI61brpOCK0YK2CE01HOizQNMXnEPdo0NMCC6lY8PWxkHxmlY3elMi8Ae6r+nYix0HoofNMpMPT1vDcR//OaEXSvWjELwghoQJJF3YjbIO1JSnaHKUqADw3BRDHzV5v0scIETJYzWxiRQuCZO2JfTINy52NZJLVS0T0vlu4uCuXrNLIsOkCH6AS56BKV0S2qoCoi6Bm9oDf0br1an9aX9Z20Zqx0Zh/NwBr/ALGgrM0=</latexit>

xt,2
1

xt,2
2

. . .

xt,2
v<latexit sha1_base64="XcF1NeeyCqhMDjodF3vtxfxgV9s=">AAACPHicbVDLSgMxFM3UV62vqks3g0VxIXWmCrosunFZwT6gM5ZMmrbBZDIkd4pl6Gf4NYIr/Qj37sRt16btgLb1QODcc+7l5p4g4kyD43xYmaXlldW17HpuY3Nreye/u1fTMlaEVonkUjUCrClnIa0CA04bkaJYBJzWg8ebsV/vU6WZDO9hEFFf4G7IOoxgMFIrf3b81HIfEjgtDT0vZ4rSb+HxtgQ9lftTOdfKF5yiM4G9SNyUFFCKSis/8tqSxIKGQDjWuuk6EfgJVsAIp8OcF2saYfKIu7RpaIgF1X4yOWxoHxmlbXekMi8Ee6L+nUiw0HogAtMpMPT0vDcW//OaMXSu/ISFUQw0JNNFnZjbIO1xSnabKUqADwzBRDHzV5v0sMIETJYzWxiRQuCZO5JATIJy52NZJLVS0T0vlu4uCuXrNLIsOkCH6AS56BKV0S2qoCoi6Bm9oDf0br1an9aX9T1tzVjpzD6agTX6AbbZrNA=</latexit>

xt,d
1

xt,d
2

. . .

xt,d
v<latexit sha1_base64="j+J1jyAW0Scz1Xvw+xhC1J++Q2k=">AAACPHicbVDLSgMxFM3UV62vqks3g0VxIXWmCrosunFZwT6gU0smk7bBZDIkd4pl6Gf4NYIr/Qj37sRt16bTgrb1QODcc+7l5h4/4kyD43xYmaXlldW17HpuY3Nreye/u1fTMlaEVonkUjV8rClnIa0CA04bkaJY+JzW/cebsV/vU6WZDO9hENGWwN2QdRjBYKR2/uz4qe0+JHAaDD0vZ4rSb+HxQIKeyP2JnGvnC07RSWEvEndKCmiKSjs/8gJJYkFDIBxr3XSdCFoJVsAIp8OcF2saYfKIu7RpaIgF1a0kPWxoHxklsDtSmReCnap/JxIstB4I33QKDD09743F/7xmDJ2rVsLCKAYaksmiTsxtkPY4JTtgihLgA0MwUcz81SY9rDABk+XMFkakEHjmjsQXaVDufCyLpFYquufF0t1FoXw9jSyLDtAhOkEuukRldIsqqIoIekYv6A29W6/Wp/VlfU9aM9Z0Zh/NwBr9ALwKrWY=</latexit>

. . .<latexit sha1_base64="GpBzB9EFEdoy558E04APHZh3/24=">AAACEnicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKZtENnMmFmIpTQjxBc6Z+4E7f+gD/i2kmbhW09cOFwzr3ce0+QcKaN6347a+sbm1vbpZ3y7t7+wWHl6LitZaoIbRHJpeoGWFPOYtoyzHDaTRTFIuC0E4zvcr/zRJVmMn40k4T6Ag9jFjGCjZU6fR5Ko8uDStWtuTOgVeIVpAoFmoPKTz+UJBU0NoRjrXuemxg/w8owwum03E81TTAZ4yHtWRpjQbWfzc6donOrhCiSylZs0Ez9O5FhofVEBLZTYDPSy14u/uf1UhPd+BmLk9TQmMwXRSlHRqL8dxQyRYnhE0swUczeisgIK0yMTWhhCyNSCLzwRxaIaR6UtxzLKmnXa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTWkBgDM/wCm/Oi/PufDif89Y1p5g5gQU4X78Ezp5b</latexit>

zt
1

zt
2

zt
k

<latexit sha1_base64="Qhxs8/ASl+tkzABOjfOY4I8J0IU=">AAACKXicbVC7TsMwFHXKq4RXgRGGiAqJqUoKCMYKFsYi0YeUppHjuq1VO4nsG6Q26sLXIDHBn7ABK//AjNtmoC1Hsnx8zr26vieIOVNg259GbmV1bX0jv2lube/s7hX2D+oqSiShNRLxSDYDrChnIa0BA06bsaRYBJw2gsHtxG88UqlYFD7AMKaewL2QdRnBoCW/cDzynTa0WubIL09u1y5dUuHp56ANfqFol+wprGXiZKSIMlT9wk+rE5FE0BAIx0q5jh2Dl2IJjHA6NluJojEmA9yjrqYhFlR56XSLsXWqlY7VjaQ+IVhT9W9HioVSQxHoSoGhrxa9ifif5ybQvfZSFsYJ0JDMBnUTbkFkTSKxOkxSAnyoCSaS6b9apI8lJqCDm5vCSCQEntsjDcTY1EE5i7Esk3q55JyXyvcXxcpNFlkeHaETdIYcdIUq6A5VUQ0R9ISe0St6M16Md+PD+JqV5oys5xDNwfj+BW+rpkI=</latexit>

. . .<latexit sha1_base64="GpBzB9EFEdoy558E04APHZh3/24=">AAACEnicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKZtENnMmFmIpTQjxBc6Z+4E7f+gD/i2kmbhW09cOFwzr3ce0+QcKaN6347a+sbm1vbpZ3y7t7+wWHl6LitZaoIbRHJpeoGWFPOYtoyzHDaTRTFIuC0E4zvcr/zRJVmMn40k4T6Ag9jFjGCjZU6fR5Ko8uDStWtuTOgVeIVpAoFmoPKTz+UJBU0NoRjrXuemxg/w8owwum03E81TTAZ4yHtWRpjQbWfzc6donOrhCiSylZs0Ez9O5FhofVEBLZTYDPSy14u/uf1UhPd+BmLk9TQmMwXRSlHRqL8dxQyRYnhE0swUczeisgIK0yMTWhhCyNSCLzwRxaIaR6UtxzLKmnXa95lrf5wVW3cFpGV4BTO4AI8uIYG3EMTWkBgDM/wCm/Oi/PufDif89Y1p5g5gQU4X78Ezp5b</latexit>

W<latexit sha1_base64="VYz/lBTv9TqdAyT+WjSOfNpR7cY=">AAACFXicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxjKC+cDkCHubvWTJ7t6xuyeEI/9CsNJ/Yie21v4Ra/eSK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCsK0Pe2XK27VnQGtEi8nFcjR6Jd/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10dvEUnVllgMJI2ZIGzdS/EykWWk9EYDuzC/Wyl4n/ed3EhNd+ymScGCrJfFGYcGQilL2PBkxRYvjEEkwUs7ciMsIKE2NDWtjCSCQEXvgjDcS0ZIPylmNZJa1a1buo1u4vK/WbPLIinMApnIMHV1CHO2hAEwhIeIZXeHNenHfnw/mctxacfOYYFuB8/QIV+6AK</latexit>

W>
<latexit sha1_base64="3pqnyRdvppwmsmvFIGrsfgB8tT0=">AAACHHicbVDLSgMxFM34rPXRUZdugkVwVWaqoMuiG5cV7APasWTSTBuax5BkhDLMlwiu9E/ciVvBH3Ftpp2FbT0QOJxzL/fkhDGj2njet7O2vrG5tV3aKe/u7R9U3MOjtpaJwqSFJZOqGyJNGBWkZahhpBsrgnjISCec3OZ+54koTaV4MNOYBByNBI0oRsZKA7fS58iMwyjtZI99I+OBW/Vq3gxwlfgFqYICzYH70x9KnHAiDGZI657vxSZIkTIUM5KV+4kmMcITNCI9SwXiRAfpLHgGz6wyhJFU9gkDZ+rfjRRxrac8tJN5TL3s5eJ/Xi8x0XWQUhEnhgg8PxQlDBoJ8xbgkCqCDZtagrCiNivEY6QQNrarhSsUS87Rwj/SkGdlW5S/XMsqaddr/kWtfn9ZbdwUlZXACTgF58AHV6AB7kATtAAGCXgGr+DNeXHenQ/ncz665hQ7x2ABztcvydqieg==</latexit>

W>
<latexit sha1_base64="3pqnyRdvppwmsmvFIGrsfgB8tT0=">AAACHHicbVDLSgMxFM34rPXRUZdugkVwVWaqoMuiG5cV7APasWTSTBuax5BkhDLMlwiu9E/ciVvBH3Ftpp2FbT0QOJxzL/fkhDGj2njet7O2vrG5tV3aKe/u7R9U3MOjtpaJwqSFJZOqGyJNGBWkZahhpBsrgnjISCec3OZ+54koTaV4MNOYBByNBI0oRsZKA7fS58iMwyjtZI99I+OBW/Vq3gxwlfgFqYICzYH70x9KnHAiDGZI657vxSZIkTIUM5KV+4kmMcITNCI9SwXiRAfpLHgGz6wyhJFU9gkDZ+rfjRRxrac8tJN5TL3s5eJ/Xi8x0XWQUhEnhgg8PxQlDBoJ8xbgkCqCDZtagrCiNivEY6QQNrarhSsUS87Rwj/SkGdlW5S/XMsqaddr/kWtfn9ZbdwUlZXACTgF58AHV6AB7kATtAAGCXgGr+DNeXHenQ/ncz665hQ7x2ABztcvydqieg==</latexit>

W>
<latexit sha1_base64="3pqnyRdvppwmsmvFIGrsfgB8tT0=">AAACHHicbVDLSgMxFM34rPXRUZdugkVwVWaqoMuiG5cV7APasWTSTBuax5BkhDLMlwiu9E/ciVvBH3Ftpp2FbT0QOJxzL/fkhDGj2njet7O2vrG5tV3aKe/u7R9U3MOjtpaJwqSFJZOqGyJNGBWkZahhpBsrgnjISCec3OZ+54koTaV4MNOYBByNBI0oRsZKA7fS58iMwyjtZI99I+OBW/Vq3gxwlfgFqYICzYH70x9KnHAiDGZI657vxSZIkTIUM5KV+4kmMcITNCI9SwXiRAfpLHgGz6wyhJFU9gkDZ+rfjRRxrac8tJN5TL3s5eJ/Xi8x0XWQUhEnhgg8PxQlDBoJ8xbgkCqCDZtagrCiNivEY6QQNrarhSsUS87Rwj/SkGdlW5S/XMsqaddr/kWtfn9ZbdwUlZXACTgF58AHV6AB7kATtAAGCXgGr+DNeXHenQ/ncz665hQ7x2ABztcvydqieg==</latexit>
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• word2vec: use Continuous BoW or Continuous skip-gram to build embeddings
• MLP network, two hidden layers, embedding of a few hundred dimensions 30



8.5 Representation transfer and

adaptation



Transfer of representations

• Learning a deep network on task A
• New task B, based on data similar to task A

• Retrieve task A representation

• Train new classifier for task B

Representation

Task A classifier

Representation

Task B classifier

• Allows a transfer of representation (transfer learning)

• Fine-tuning of the representation on the new task possible

• Standard approach to learning object recognition model, using representation

created with ImageNet
31



Multitask learning

• Multitask learning: simultaneously learning a representation for separate
operations

• Two-headed network, one for each task

Representation

Task A classifier Task B classifier

• Backpropagation comes from one head at a time

• Mixing data and tasks during learning

• Good performance for producing representations capturing general concepts

32



Few-shot learning

• How to learn with few data of each class?
• General problem: learning to learn (meta-learning)

• Model with N classes of K instances each (N-way-K -shot)
Support set (N=3, K=2)

Query set

• Support set: K instances for each of the N classes to be processed

• Query set: new instances to process

• Classes of support and query sets vary at each attempt
• Learning models designed to work with classes unknown beforehand 33



Few-shot learning: prototypical network

• Prototypical network
• Summarize the support of a class by an average value (prototype)

• Classify queries according to the nearest prototype

<latexit sha1_base64="UfpQGJAygQ5GBxNh9hbN3ip6cP4=">AAACFXicbVDJSgNBEK1xjXGLevQyGAVPYUbcjgEvHiOYBZMQejo9SZNehu4eMQzzF4In/RNv4tWzP+LZnmQOJvFBweO9KqrqBRGj2njet7O0vLK6tl7YKG5ube/slvb2G1rGCpM6lkyqVoA0YVSQuqGGkVakCOIBI81gdJP5zUeiNJXi3owj0uVoIGhIMTJWeuhwZIZBmDylvVLZq3gTuIvEz0kZctR6pZ9OX+KYE2EwQ1q3fS8y3QQpQzEjabETaxIhPEID0rZUIE50N5lcnLonVum7oVS2hHEn6t+JBHGtxzywndmFet7LxP+8dmzC625CRRQbIvB0URgz10g3e9/tU0WwYWNLEFbU3uriIVIIGxvSzBaKJedo5o8k4GnRBuXPx7JIGmcV/7JycXderh7nkRXgEI7gFHy4gircQg3qgEHAM7zCm/PivDsfzue0dcnJZw5gBs7XL0WwoBM=</latexit>x
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<latexit sha1_base64="j7eTcSmO+KPtFr/aHZ6JfQC4F+E=">AAACF3icbVDLSgMxFM3UV62vqks3wSq4KjPF17LgxmUF+4DOUDJppg3NY0gyQhnmNwRX+ifuxK1Lf8S1mXYWtvVA4HDOvdyTE8aMauO6305pbX1jc6u8XdnZ3ds/qB4edbRMFCZtLJlUvRBpwqggbUMNI71YEcRDRrrh5C73u09EaSrFo5nGJOBoJGhEMTJW8n2OzDiMUp4NGoNqza27M8BV4hWkBgq0BtUffyhxwokwmCGt+54bmyBFylDMSFbxE01ihCdoRPqWCsSJDtJZ5gyeW2UII6nsEwbO1L8bKeJaT3loJ/OMetnLxf+8fmKi2yClIk4MEXh+KEoYNBLmBcAhVQQbNrUEYUVtVojHSCFsbE0LVyiWnKOFf6Qhzyq2KG+5llXSadS96/rVw2WteVZUVgYn4BRcAA/cgCa4By3QBhjE4Bm8gjfnxXl3PpzP+WjJKXaOwQKcr192n6Ct</latexit>m2

<latexit sha1_base64="DAk/cZPuW/fhu0Sc6jGB9l8EKU4=">AAACF3icbVDLSgMxFM3UV62vqks3wSq4KjO+lwU3LivYB3SGkkkzbWgeQ5IRyjC/IbjSP3Enbl36I67NtLOwrQcCh3Pu5Z6cMGZUG9f9dkorq2vrG+XNytb2zu5edf+grWWiMGlhyaTqhkgTRgVpGWoY6caKIB4y0gnHd7nfeSJKUykezSQmAUdDQSOKkbGS73NkRmGU8qx/0a/W3Lo7BVwmXkFqoECzX/3xBxInnAiDGdK657mxCVKkDMWMZBU/0SRGeIyGpGepQJzoIJ1mzuCpVQYwkso+YeBU/buRIq71hId2Ms+oF71c/M/rJSa6DVIq4sQQgWeHooRBI2FeABxQRbBhE0sQVtRmhXiEFMLG1jR3hWLJOZr7RxryrGKL8hZrWSbt87p3Xb96uKw1TorKyuAIHIMz4IEb0AD3oAlaAIMYPINX8Oa8OO/Oh/M5Gy05xc4hmIPz9Qt4R6Cu</latexit>m3

34



Domain adaptation

• Domain adaptation: use one or more source domains to better process the target
domain

• Model inputs and outputs are the same for all domains

• Special case of transfer learning, where inputs/outputs may change in the general

case.

• Domain Adversarial Neural Network (DANN)

• Learning for multiple source domains, based on a multitasking learning model

• One head associated to the classification task

• A second head aims to discriminate between source domains in the shared part

output

• Learning the additional head involves a gradient reversal to force a common, general

intermediate representation.

35



Domain adversarial neural network (DANN)

Feature
extractor …

Class
predictor

Domain
predictor

Class label y

Domain label d
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Gradient 
reversal

x
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8.6 Adversarial approaches



Adversarial data

• Use data generation to determine the smallest variation that would lead to a

misclassification

Meerkat
Conf.: 65.3%

+
School bus

✏
<latexit sha1_base64="35K6KQ+E9rB0JdJK2RMm0xG9EfM=">AAACE3icbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHgJccI5gHJEmYnvcmQeSwzs0JY8hOCJ/0Tb+LVD/BHPDtJ9mASCxqKqm66u6KEM2N9/9vb2Nza3tkt7BX3Dw6Pjksnpy2jUk2hSRVXuhMRA5xJaFpmOXQSDUREHNrR+H7mt59AG6bko50kEAoylCxmlFgndXqQGMaV7JfKfsWfA6+TICdllKPRL/30BoqmAqSlnBjTDfzEhhnRllEO02IvNZAQOiZD6DoqiQATZvN7p/jSKQMcK+1KWjxX/05kRBgzEZHrFMSOzKo3E//zuqmN78KMySS1IOliUZxybBWePY8HTAO1fOIIoZq5WzEdEU2odREtbWFUCUGW/sgiMS26oILVWNZJq1oJrivVh5tyrZ5HVkDn6AJdoQDdohqqowZqIoo4ekav6M178d69D+9z0brh5TNnaAne1y99M581</latexit>

Conf.: 98.6%

=
✏ = 0.005

<latexit sha1_base64="cwfwKAM5qMj9rEmVn45qgUvYm5o=">AAACHXicbVDLSgMxFM34rPU16tJNsAiuykxVdCMU3LisYB/QlpJJb9vQPIYkUyhD/0RwpX/iTtyKP+LaTNuFbT0QcjjnXu69J4o5MzYIvr219Y3Nre3cTn53b//g0D86rhmVaApVqrjSjYgY4ExC1TLLoRFrICLiUI+G95lfH4E2TMknO46hLUhfsh6jxDqp4/stiA3jSuI7HBSD4LrjF7I/A14l4ZwU0ByVjv/T6iqaCJCWcmJMMwxi206JtoxymORbiYGY0CHpQ9NRSQSYdjrdfILPndLFPaXdkxZP1b8dKRHGjEXkKgWxA7PsZeJ/XjOxvdt2ymScWJB0NqiXcGwVzmLAXaaBWj52hFDN3K6YDogm1LqwFqYwqoQgC3ekkZjkXVDhciyrpFYqhpfF0uNVoVyeR5ZDp+gMXaAQ3aAyekAVVEUUjdAzekVv3ov37n14n7PSNW/ec4IW4H39AqEXoR4=</latexit>

• Caused by the use of distributed representation in a very high dimensionality space

• Illustrates a current difficulty with deep networks, robustness to adversary data

needs to be improved
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Attacks and defences

• Typical attacks: gradient descent on the data to deceive the network

• Fast gradient sign method (FGSM):

x = x+ ϵ sign
∂L(x,y |θ)

∂x

• Several other variants proposed to produce adversarial data

• Defence mechanism: adversarial training

• Augment the training set with adversarial data to make the network robust
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Generative Adversarial Networks (GAN)

• GAN model: putting in competition two neural networks
• Discriminative network: distinguishing true data from the problem from generated

data

• Generative network: producing data that looks authentic

• Allows various treatments based on unsupervised learning

• Example: image-to-image translation with conditional GANs

From Isola, Zhu, Zhou and Efros, Image-to-Image Translation with Conditional Adversarial Networks, CVPR, 2017. Accessed online on

October 19, 2020 at https://arxiv.org/pdf/1611.07004v3.pdf. 39

https://arxiv.org/pdf/1611.07004v3.pdf


Generative Adversarial Networks (GAN)

Generative
network

Discriminative
network

Dataset Real data

Generated data

Real or fake data?
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8.7 Software implementation



Automatic gradient

• Computational graph: representing the mathematical operations of a network in a
graph

• Captures the order and nature of operations

• Automatic gradient: calculate analytical gradients on the whole network

automatically, via computational graphs

• Allows to define complex and heterogeneous network topologies without having to

do the analytical derivatives manually!

• Also allows to optimize the processing on the targeted architecture (e.g. GPU)
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Automatic gradient

∂f (x1,x2)

∂x1
=

∂

∂x1
(sin(x1) + x1 x2) = cos(x1) + x2

∂f (x1,x2)

∂x2
=

∂

∂x2
(sin(x1) + x1 x2) = x1

By Berland, public domain, https://en.wikipedia.org/wiki/File:ReverseaccumulationAD.png
42
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Tools for deep learning (open source)

• TensorFlow: https://www.tensorflow.org/
• Code in C++, with a user interface in Python

• Entirely organized around computational graphs

• PyTorch: https://pytorch.org/
• Offers user-friendly programming interface in Python, programmatic approach.

• Automatic differentiation done dynamically, more versatile than TensorFlow in some

respects.

• Google JAX: https://jax.readthedocs.io/
• Combines automatic gradient and high-performance numerical calculation in a

standard interface (à la NumPy)

• Not specifically designed for deep learning, but offers great flexibility

• Keras: https://keras.io/
• User-friendly interface for deep learning, at the cost of reduced flexibility

• On top of TensorFlow, PyTorch or JAX as underlying deep learning environment

43
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