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6.1 Review of linear discriminants



Linear discriminants

• Equation of a linear discriminant

hi (x|wi ,wi ,0) =
D∑

j=1

wi ,jxj + wi ,0

• Two-class model

• Only one equation h(x|w,w0)

• if h(x) ≥ 0 then x belongs to C1

• Otherwise (when h(x) < 0) x belongs to C2

• Weight w determines the orientation of the separating hyperplane

• Bias w0 determines the position of the separating hyperplane in the input space
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Geometry of linear discriminants

x
<latexit sha1_base64="xRZku9cbEGCi/jS+AJQZxP3Z80c=">AAACFXicbVA9SwNBEJ3zM8avqKXNYhCswl0UTBmwsYxgPjA5wt5mL1myu3fs7onhyL8QrPSf2ImttX/E2r3kCpP4YODx3gwz84KYM21c99tZW9/Y3Nou7BR39/YPDktHxy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/FN5rcfqdIskvdmElNf4KFkISPYWOmhJ7AZBWH6NO2Xym7FnQGtEi8nZcjR6Jd+eoOIJIJKQzjWuuu5sfFTrAwjnE6LvUTTGJMxHtKupRILqv10dvEUnVtlgMJI2ZIGzdS/EykWWk9EYDuzC/Wyl4n/ed3EhDU/ZTJODJVkvihMODIRyt5HA6YoMXxiCSaK2VsRGWGFibEhLWxhJBICL/yRBmJatEF5y7Gskla14l1WqndX5Xotj6wAp3AGF+DBNdThFhrQBAISnuEV3pwX5935cD7nrWtOPnMCC3C+fgFJwqAh</latexit>

w
<latexit sha1_base64="zW8ygTA2NGQS6uwphQuI3H9Rtzc=">AAACFXicbVA9SwNBEJ3zM8avqKXNYhCswl0UTBmwsYxgPjA5wt5mL1myu3fs7inhyL8QrPSf2ImttX/E2r3kCpP4YODx3gwz84KYM21c99tZW9/Y3Nou7BR39/YPDktHxy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/FN5rcfqdIskvdmElNf4KFkISPYWOmhJ7AZBWH6NO2Xym7FnQGtEi8nZcjR6Jd+eoOIJIJKQzjWuuu5sfFTrAwjnE6LvUTTGJMxHtKupRILqv10dvEUnVtlgMJI2ZIGzdS/EykWWk9EYDuzC/Wyl4n/ed3EhDU/ZTJODJVkvihMODIRyt5HA6YoMXxiCSaK2VsRGWGFibEhLWxhJBICL/yRBmJatEF5y7Gskla14l1WqndX5Xotj6wAp3AGF+DBNdThFhrQBAISnuEV3pwX5935cD7nrWtOPnMCC3C+fgFIGaAg</latexit>

w0

kwk
<latexit sha1_base64="KiHmyCOVlnNkoSJrnTY6XRSyVbc=">AAACJ3icbVDLSsNAFJ34rPUVdaebYBFclaQKdllw47KCfUATwmQ6aYfOTMLMxFLSgF8juNI/cSe69CdcO2mzsK0HLhzOuZd77wliSqSy7S9jbX1jc2u7tFPe3ds/ODSPjtsySgTCLRTRSHQDKDElHLcUURR3Y4EhCyjuBKPb3O88YiFJxB/UJMYegwNOQoKg0pJvnrqhgCgd+3aWulOXQTUMwnScudPMNyt21Z7BWiVOQSqgQNM3f9x+hBKGuUIUStlz7Fh5KRSKIIqzsptIHEM0ggPc05RDhqWXzn7IrAut9K0wErq4smbq34kUMiknLNCd+ZFy2cvF/7xeosK6lxIeJwpzNF8UJtRSkZUHYvWJwEjRiSYQCaJvtdAQ6lCUjm1hC0ERY3DhjzRgWVkH5SzHskratapzVa3dX1ca9SKyEjgD5+ASOOAGNMAdaIIWQOAJPINX8Ga8GO/Gh/E5b10zipkTsADj+xeAY6eP</latexit>

|h(x)|
kwk

<latexit sha1_base64="dulDyC0ZEmrUJazmJ9jkzZz49Xg="></latexit>

h(x) = 0
<latexit sha1_base64="7HTJN3nqXZKpZ7YslGpTW8ofJNE=">AAACJ3icbVDLSsNAFJ34rPUVdaebwSLUTUmqYDdCwY3LCvYBbSmT6aQdOjMJMxOxhIBfI7jSP3EnuvQnXDtJs7CtBy4czrmXe+/xQkaVdpwva2V1bX1js7BV3N7Z3du3Dw5bKogkJk0csEB2PKQIo4I0NdWMdEJJEPcYaXuTm9RvPxCpaCDu9TQkfY5GgvoUI22kgX3c40iPJY/HSTmjnh8/JufwGjoDu+RUnAxwmbg5KYEcjYH90xsGOOJEaMyQUl3XCXU/RlJTzEhS7EWKhAhP0Ih0DRWIE9WPsx8SeGaUIfQDaUpomKl/J2LElZpyz3SmZ6pFLxX/87qR9mv9mIow0kTg2SI/YlAHMA0EDqkkWLOpIQhLam6FeIwkwtrENreF4oBzNPdH7PGkaIJyF2NZJq1qxb2oVO8uS/VaHlkBnIBTUAYuuAJ1cAsaoAkweALP4BW8WS/Wu/Vhfc5aV6x85gjMwfr+BUFYpjU=</latexit>

h(x) < 0
<latexit sha1_base64="XIB1Cv0uFu16dfs1ABj+AC4gy5Y=">AAACJ3icbVDLSsNAFJ34rPUVdaebwSLUTUmqYBcuCm5cVrAPaEuZTCft0JlJmJmIJQT8GsGV/ok70aU/4dpJmoVtPXDhcM693HuPFzKqtON8WSura+sbm4Wt4vbO7t6+fXDYUkEkMWnigAWy4yFFGBWkqalmpBNKgrjHSNub3KR++4FIRQNxr6ch6XM0EtSnGGkjDezjHkd6LHk8TsoZ9fz4MTmH19AZ2CWn4mSAy8TNSQnkaAzsn94wwBEnQmOGlOq6Tqj7MZKaYkaSYi9SJER4gkaka6hAnKh+nP2QwDOjDKEfSFNCw0z9OxEjrtSUe6YzPVMteqn4n9eNtF/rx1SEkSYCzxb5EYM6gGkgcEglwZpNDUFYUnMrxGMkEdYmtrktFAeco7k/Yo8nRROUuxjLMmlVK+5FpXp3WarX8sgK4AScgjJwwRWog1vQAE2AwRN4Bq/gzXqx3q0P63PWumLlM0dgDtb3Lz+upjQ=</latexit>

h(x) > 0
<latexit sha1_base64="TuKrGAO69pZkr5jr5okzHuc3FCE=">AAACJ3icbVDLSsNAFJ34rPUVdaebwSLUTUmqYFdScOOygn1AW8pkOmmHzkzCzEQsIeDXCK70T9yJLv0J107SLGzrgQuHc+7l3nu8kFGlHefLWlldW9/YLGwVt3d29/btg8OWCiKJSRMHLJAdDynCqCBNTTUjnVASxD1G2t7kJvXbD0QqGoh7PQ1Jn6ORoD7FSBtpYB/3ONJjyeNxUs6o58ePyTm8hs7ALjkVJwNcJm5OSiBHY2D/9IYBjjgRGjOkVNd1Qt2PkdQUM5IUe5EiIcITNCJdQwXiRPXj7IcEnhllCP1AmhIaZurfiRhxpabcM53pmWrRS8X/vG6k/Vo/piKMNBF4tsiPGNQBTAOBQyoJ1mxqCMKSmlshHiOJsDaxzW2hOOAczf0RezwpmqDcxViWSatacS8q1bvLUr2WR1YAJ+AUlIELrkAd3IIGaAIMnsAzeAVv1ov1bn1Yn7PWFSufOQJzsL5/AUMCpjY=</latexit>

x1
<latexit sha1_base64="ZcUPxWQXVDwzUcdJ6KWDi/HV4cA=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0omGPAi8eI5gHJEmYnk2TIPJaZWTEs+QTBk/6JN/HqL/gjnp0kezCJBQ1FVTfdXVHMmbG+/+2trW9sbm3ndvK7e/sHh4Wj44ZRiSa0ThRXuhVhQzmTtG6Z5bQVa4pFxGkzGt1M/eYj1YYp+WDHMQ0FHkjWZwRbJ90/dYNuoeiX/BnQKgkyUoQMtW7hp9NTJBFUWsKxMe3Aj22YYm0Z4XSS7ySGxpiM8IC2HZVYUBOms1Mn6NwpPdRX2pW0aKb+nUixMGYsItcpsB2aZW8q/ue1E9uvhCmTcWKpJPNF/YQjq9D0b9RjmhLLx45gopm7FZEh1phYl87CFkaUEHjhjzQSk7wLKliOZZU0yqXgslS+uypWK1lkOTiFM7iAAK6hCrdQgzoQGMAzvMKb9+K9ex/e57x1zctmTmAB3tcv44ecpQ==</latexit>

x2
<latexit sha1_base64="V95IXUnTiq/mZ23zPqvHtzvvE8o=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0omGPAi8eI5gHJEmYnk2TIPJaZWTEs+QTBk/6JN/HqL/gjnp0kezCJBQ1FVTfdXVHMmbG+/+2trW9sbm3ndvK7e/sHh4Wj44ZRiSa0ThRXuhVhQzmTtG6Z5bQVa4pFxGkzGt1M/eYj1YYp+WDHMQ0FHkjWZwRbJ90/dcvdQtEv+TOgVRJkpAgZat3CT6enSCKotIRjY9qBH9swxdoywukk30kMjTEZ4QFtOyqxoCZMZ6dO0LlTeqivtCtp0Uz9O5FiYcxYRK5TYDs0y95U/M9rJ7ZfCVMm48RSSeaL+glHVqHp36jHNCWWjx3BRDN3KyJDrDGxLp2FLYwoIfDCH2kkJnkXVLAcyypplEvBZal8d1WsVrLIcnAKZ3ABAVxDFW6hBnUgMIBneIU378V79z68z3nrmpfNnMACvK9f5S+cpg==</latexit>
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Perceptron criterion

• Perceptron criterion

Epercp(w,w0|X ) = −
∑

xt∈Y
r th(xt |w,w0)

Y = {xt ∈ X |r th(xt |w,w0) < 0}

• Weak link between the error and the nature of the errors

• The classifier may diverge on nonlinearly separable data
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Perceptron on nonlinearly separable data
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Perceptron on nonlinearly separable data
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Perceptron on nonlinearly separable data
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Perceptron on nonlinearly separable data
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Perceptron on nonlinearly separable data
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Perceptron on nonlinearly separable data
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Least squares criterion

• Least squares criterion: regression for classification

Equad(w,w0|X ) =
1

2

∑

xt∈X
(r t − (w>xt + w0))2

• Tends to minimize the distance from the h(x) to the r t value.

• Better management of nonlinearly separable data

• Emphasis on data far from the separating hyperplane
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Least squares on nonlinearly separable data
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Least squares on nonlinearly separable data
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Least squares on nonlinearly separable data
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Least squares on nonlinearly separable data
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Least squares on nonlinearly separable data
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Least squares on nonlinearly separable data
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6.2 Support vector machine



Support vector machine (SVM)

• SVM: Support vector machine

• Maximization of geometric margins

• Aims to find the optimal position for the separating hyperplane

• It is argued in computational learning theory that this criterion minimizes error (cf.

version space)

• Development for a linear discriminant

• Can be extended to nonlinear models by using kernel functions
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Version space

x1
<latexit sha1_base64="cbI9X3ndtoOtvNNC2BGRIFTPSOY=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4jmgckS5idTJIh81hmZsWw5BMET/on3sSrv+CPeHaS7MEkFjQUVd10d0UxZ8b6/reXW1vf2NzKbxd2dvf2D4qHRw2jEk1onSiudCvChnImad0yy2kr1hSLiNNmNLqZ+s1Hqg1T8sGOYxoKPJCszwi2Trp/6gbdYskv+zOgVRJkpAQZat3iT6enSCKotIRjY9qBH9swxdoywumk0EkMjTEZ4QFtOyqxoCZMZ6dO0JlTeqivtCtp0Uz9O5FiYcxYRK5TYDs0y95U/M9rJ7Z/HaZMxomlkswX9ROOrELTv1GPaUosHzuCiWbuVkSGWGNiXToLWxhRQuCFP9JITAouqGA5llXSqJSDi3Ll7rJUrWSR5eEETuEcAriCKtxCDepAYADP8Apv3ov37n14n/PWnJfNHMMCvK9f4bmcnw==</latexit>

x2
<latexit sha1_base64="xC4KbcnO7CnrFAJdzNOpJYV96Ls=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKeyugh4DXjxGNA9IljA7mU2GzMwuM7NiWPIJgif9E2/i1V/wRzw7SfZgEgsaiqpuurvChDNtXPfbKaytb2xuFbdLO7t7+wflw6OmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HoZuq3HqnSLJYPZpzQQOCBZBEj2Fjp/qnn98oVt+rOgFaJl5MK5Kj3yj/dfkxSQaUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSiQXVQTY7dYLOrNJHUaxsSYNm6t+JDAutxyK0nQKboV72puJ/Xic10XWQMZmkhkoyXxSlHJkYTf9GfaYoMXxsCSaK2VsRGWKFibHpLGxhJBYCL/yRhWJSskF5y7GskqZf9S6q/t1lpebnkRXhBE7hHDy4ghrcQh0aQGAAz/AKb86L8+58OJ/z1oKTzxzDApyvX+NhnKA=</latexit>

S
G

• G : most general hypothesis

• S : most specific hypothesis

• Hypotheses in H between S and G are part of

the version space
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Maximization of geometric margins

• Searching for weights w and w0 maximizing the geometric margin for a dataset

X = {xt ,r t}, where r t ∈ {−1,+ 1}
• Distances to the data separating hyperplane

|w>xt + w0|
‖w‖ =

r t(w>xt + w0)

‖w‖

• We want this distance to be greater than a ρ threshold (margin) for all data

r t(w>xt + w0)

‖w‖ ≥ ρ, ∀t
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Linear discriminants geometry

x
<latexit sha1_base64="xRZku9cbEGCi/jS+AJQZxP3Z80c=">AAACFXicbVA9SwNBEJ3zM8avqKXNYhCswl0UTBmwsYxgPjA5wt5mL1myu3fs7onhyL8QrPSf2ImttX/E2r3kCpP4YODx3gwz84KYM21c99tZW9/Y3Nou7BR39/YPDktHxy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/FN5rcfqdIskvdmElNf4KFkISPYWOmhJ7AZBWH6NO2Xym7FnQGtEi8nZcjR6Jd+eoOIJIJKQzjWuuu5sfFTrAwjnE6LvUTTGJMxHtKupRILqv10dvEUnVtlgMJI2ZIGzdS/EykWWk9EYDuzC/Wyl4n/ed3EhDU/ZTJODJVkvihMODIRyt5HA6YoMXxiCSaK2VsRGWGFibEhLWxhJBICL/yRBmJatEF5y7Gskla14l1WqndX5Xotj6wAp3AGF+DBNdThFhrQBAISnuEV3pwX5935cD7nrWtOPnMCC3C+fgFJwqAh</latexit>

w
<latexit sha1_base64="zW8ygTA2NGQS6uwphQuI3H9Rtzc=">AAACFXicbVA9SwNBEJ3zM8avqKXNYhCswl0UTBmwsYxgPjA5wt5mL1myu3fs7inhyL8QrPSf2ImttX/E2r3kCpP4YODx3gwz84KYM21c99tZW9/Y3Nou7BR39/YPDktHxy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/FN5rcfqdIskvdmElNf4KFkISPYWOmhJ7AZBWH6NO2Xym7FnQGtEi8nZcjR6Jd+eoOIJIJKQzjWuuu5sfFTrAwjnE6LvUTTGJMxHtKupRILqv10dvEUnVtlgMJI2ZIGzdS/EykWWk9EYDuzC/Wyl4n/ed3EhDU/ZTJODJVkvihMODIRyt5HA6YoMXxiCSaK2VsRGWGFibEhLWxhJBICL/yRBmJatEF5y7Gskla14l1WqndX5Xotj6wAp3AGF+DBNdThFhrQBAISnuEV3pwX5935cD7nrWtOPnMCC3C+fgFIGaAg</latexit>

w0

kwk
<latexit sha1_base64="KiHmyCOVlnNkoSJrnTY6XRSyVbc=">AAACJ3icbVDLSsNAFJ34rPUVdaebYBFclaQKdllw47KCfUATwmQ6aYfOTMLMxFLSgF8juNI/cSe69CdcO2mzsK0HLhzOuZd77wliSqSy7S9jbX1jc2u7tFPe3ds/ODSPjtsySgTCLRTRSHQDKDElHLcUURR3Y4EhCyjuBKPb3O88YiFJxB/UJMYegwNOQoKg0pJvnrqhgCgd+3aWulOXQTUMwnScudPMNyt21Z7BWiVOQSqgQNM3f9x+hBKGuUIUStlz7Fh5KRSKIIqzsptIHEM0ggPc05RDhqWXzn7IrAut9K0wErq4smbq34kUMiknLNCd+ZFy2cvF/7xeosK6lxIeJwpzNF8UJtRSkZUHYvWJwEjRiSYQCaJvtdAQ6lCUjm1hC0ERY3DhjzRgWVkH5SzHskratapzVa3dX1ca9SKyEjgD5+ASOOAGNMAdaIIWQOAJPINX8Ga8GO/Gh/E5b10zipkTsADj+xeAY6eP</latexit>

|h(x)|
kwk

<latexit sha1_base64="dulDyC0ZEmrUJazmJ9jkzZz49Xg="></latexit>

h(x) = 0
<latexit sha1_base64="7HTJN3nqXZKpZ7YslGpTW8ofJNE=">AAACJ3icbVDLSsNAFJ34rPUVdaebwSLUTUmqYDdCwY3LCvYBbSmT6aQdOjMJMxOxhIBfI7jSP3EnuvQnXDtJs7CtBy4czrmXe+/xQkaVdpwva2V1bX1js7BV3N7Z3du3Dw5bKogkJk0csEB2PKQIo4I0NdWMdEJJEPcYaXuTm9RvPxCpaCDu9TQkfY5GgvoUI22kgX3c40iPJY/HSTmjnh8/JufwGjoDu+RUnAxwmbg5KYEcjYH90xsGOOJEaMyQUl3XCXU/RlJTzEhS7EWKhAhP0Ih0DRWIE9WPsx8SeGaUIfQDaUpomKl/J2LElZpyz3SmZ6pFLxX/87qR9mv9mIow0kTg2SI/YlAHMA0EDqkkWLOpIQhLam6FeIwkwtrENreF4oBzNPdH7PGkaIJyF2NZJq1qxb2oVO8uS/VaHlkBnIBTUAYuuAJ1cAsaoAkweALP4BW8WS/Wu/Vhfc5aV6x85gjMwfr+BUFYpjU=</latexit>

h(x) < 0
<latexit sha1_base64="XIB1Cv0uFu16dfs1ABj+AC4gy5Y=">AAACJ3icbVDLSsNAFJ34rPUVdaebwSLUTUmqYBcuCm5cVrAPaEuZTCft0JlJmJmIJQT8GsGV/ok70aU/4dpJmoVtPXDhcM693HuPFzKqtON8WSura+sbm4Wt4vbO7t6+fXDYUkEkMWnigAWy4yFFGBWkqalmpBNKgrjHSNub3KR++4FIRQNxr6ch6XM0EtSnGGkjDezjHkd6LHk8TsoZ9fz4MTmH19AZ2CWn4mSAy8TNSQnkaAzsn94wwBEnQmOGlOq6Tqj7MZKaYkaSYi9SJER4gkaka6hAnKh+nP2QwDOjDKEfSFNCw0z9OxEjrtSUe6YzPVMteqn4n9eNtF/rx1SEkSYCzxb5EYM6gGkgcEglwZpNDUFYUnMrxGMkEdYmtrktFAeco7k/Yo8nRROUuxjLMmlVK+5FpXp3WarX8sgK4AScgjJwwRWog1vQAE2AwRN4Bq/gzXqx3q0P63PWumLlM0dgDtb3Lz+upjQ=</latexit>

h(x) > 0
<latexit sha1_base64="TuKrGAO69pZkr5jr5okzHuc3FCE=">AAACJ3icbVDLSsNAFJ34rPUVdaebwSLUTUmqYFdScOOygn1AW8pkOmmHzkzCzEQsIeDXCK70T9yJLv0J107SLGzrgQuHc+7l3nu8kFGlHefLWlldW9/YLGwVt3d29/btg8OWCiKJSRMHLJAdDynCqCBNTTUjnVASxD1G2t7kJvXbD0QqGoh7PQ1Jn6ORoD7FSBtpYB/3ONJjyeNxUs6o58ePyTm8hs7ALjkVJwNcJm5OSiBHY2D/9IYBjjgRGjOkVNd1Qt2PkdQUM5IUe5EiIcITNCJdQwXiRPXj7IcEnhllCP1AmhIaZurfiRhxpabcM53pmWrRS8X/vG6k/Vo/piKMNBF4tsiPGNQBTAOBQyoJ1mxqCMKSmlshHiOJsDaxzW2hOOAczf0RezwpmqDcxViWSatacS8q1bvLUr2WR1YAJ+AUlIELrkAd3IIGaAIMnsAzeAVv1ov1bn1Yn7PWFSufOQJzsL5/AUMCpjY=</latexit>

x1
<latexit sha1_base64="ZcUPxWQXVDwzUcdJ6KWDi/HV4cA=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0omGPAi8eI5gHJEmYnk2TIPJaZWTEs+QTBk/6JN/HqL/gjnp0kezCJBQ1FVTfdXVHMmbG+/+2trW9sbm3ndvK7e/sHh4Wj44ZRiSa0ThRXuhVhQzmTtG6Z5bQVa4pFxGkzGt1M/eYj1YYp+WDHMQ0FHkjWZwRbJ90/dYNuoeiX/BnQKgkyUoQMtW7hp9NTJBFUWsKxMe3Aj22YYm0Z4XSS7ySGxpiM8IC2HZVYUBOms1Mn6NwpPdRX2pW0aKb+nUixMGYsItcpsB2aZW8q/ue1E9uvhCmTcWKpJPNF/YQjq9D0b9RjmhLLx45gopm7FZEh1phYl87CFkaUEHjhjzQSk7wLKliOZZU0yqXgslS+uypWK1lkOTiFM7iAAK6hCrdQgzoQGMAzvMKb9+K9ex/e57x1zctmTmAB3tcv44ecpQ==</latexit>

x2
<latexit sha1_base64="V95IXUnTiq/mZ23zPqvHtzvvE8o=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0omGPAi8eI5gHJEmYnk2TIPJaZWTEs+QTBk/6JN/HqL/gjnp0kezCJBQ1FVTfdXVHMmbG+/+2trW9sbm3ndvK7e/sHh4Wj44ZRiSa0ThRXuhVhQzmTtG6Z5bQVa4pFxGkzGt1M/eYj1YYp+WDHMQ0FHkjWZwRbJ90/dcvdQtEv+TOgVRJkpAgZat3CT6enSCKotIRjY9qBH9swxdoywukk30kMjTEZ4QFtOyqxoCZMZ6dO0LlTeqivtCtp0Uz9O5FiYcxYRK5TYDs0y95U/M9rJ7ZfCVMm48RSSeaL+glHVqHp36jHNCWWjx3BRDN3KyJDrDGxLp2FLYwoIfDCH2kkJnkXVLAcyypplEvBZal8d1WsVrLIcnAKZ3ABAVxDFW6hBnUgMIBneIU378V79z68z3nrmpfNnMACvK9f5S+cpg==</latexit>

10



Maximizing geometric margins

• w>xt + w0 is undetermined, there are an infinity of solutions

w> =

[
2

0.5

]
w0 = 1

≡
w> =

[
1

0.25

]
w0 = 0.5

≡
w> =

[
20

5

]
w0 = 10

• We set ρ‖w‖ = 1, which gives:

w>xt + w0 ≥ +1 for r t = +1

w>xt + w0 ≤ −1 for r t = −1

• Equivalent formulation

r t(w>xt + w0) ≥ +1

• Minimizing ‖w‖ allows to maximize the ρ margin

11



Maximizing geometric margins

w
<latexit sha1_base64="zW8ygTA2NGQS6uwphQuI3H9Rtzc=">AAACFXicbVA9SwNBEJ3zM8avqKXNYhCswl0UTBmwsYxgPjA5wt5mL1myu3fs7inhyL8QrPSf2ImttX/E2r3kCpP4YODx3gwz84KYM21c99tZW9/Y3Nou7BR39/YPDktHxy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/FN5rcfqdIskvdmElNf4KFkISPYWOmhJ7AZBWH6NO2Xym7FnQGtEi8nZcjR6Jd+eoOIJIJKQzjWuuu5sfFTrAwjnE6LvUTTGJMxHtKupRILqv10dvEUnVtlgMJI2ZIGzdS/EykWWk9EYDuzC/Wyl4n/ed3EhDU/ZTJODJVkvihMODIRyt5HA6YoMXxiCSaK2VsRGWGFibEhLWxhJBICL/yRBmJatEF5y7Gskla14l1WqndX5Xotj6wAp3AGF+DBNdThFhrQBAISnuEV3pwX5935cD7nrWtOPnMCC3C+fgFIGaAg</latexit>

h(x) = 0
<latexit sha1_base64="7HTJN3nqXZKpZ7YslGpTW8ofJNE=">AAACJ3icbVDLSsNAFJ34rPUVdaebwSLUTUmqYDdCwY3LCvYBbSmT6aQdOjMJMxOxhIBfI7jSP3EnuvQnXDtJs7CtBy4czrmXe+/xQkaVdpwva2V1bX1js7BV3N7Z3du3Dw5bKogkJk0csEB2PKQIo4I0NdWMdEJJEPcYaXuTm9RvPxCpaCDu9TQkfY5GgvoUI22kgX3c40iPJY/HSTmjnh8/JufwGjoDu+RUnAxwmbg5KYEcjYH90xsGOOJEaMyQUl3XCXU/RlJTzEhS7EWKhAhP0Ih0DRWIE9WPsx8SeGaUIfQDaUpomKl/J2LElZpyz3SmZ6pFLxX/87qR9mv9mIow0kTg2SI/YlAHMA0EDqkkWLOpIQhLam6FeIwkwtrENreF4oBzNPdH7PGkaIJyF2NZJq1qxb2oVO8uS/VaHlkBnIBTUAYuuAJ1cAsaoAkweALP4BW8WS/Wu/Vhfc5aV6x85gjMwfr+BUFYpjU=</latexit>

x1<latexit sha1_base64="ZcUPxWQXVDwzUcdJ6KWDi/HV4cA=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0omGPAi8eI5gHJEmYnk2TIPJaZWTEs+QTBk/6JN/HqL/gjnp0kezCJBQ1FVTfdXVHMmbG+/+2trW9sbm3ndvK7e/sHh4Wj44ZRiSa0ThRXuhVhQzmTtG6Z5bQVa4pFxGkzGt1M/eYj1YYp+WDHMQ0FHkjWZwRbJ90/dYNuoeiX/BnQKgkyUoQMtW7hp9NTJBFUWsKxMe3Aj22YYm0Z4XSS7ySGxpiM8IC2HZVYUBOms1Mn6NwpPdRX2pW0aKb+nUixMGYsItcpsB2aZW8q/ue1E9uvhCmTcWKpJPNF/YQjq9D0b9RjmhLLx45gopm7FZEh1phYl87CFkaUEHjhjzQSk7wLKliOZZU0yqXgslS+uypWK1lkOTiFM7iAAK6hCrdQgzoQGMAzvMKb9+K9ex/e57x1zctmTmAB3tcv44ecpQ==</latexit>

x2<latexit sha1_base64="V95IXUnTiq/mZ23zPqvHtzvvE8o=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0omGPAi8eI5gHJEmYnk2TIPJaZWTEs+QTBk/6JN/HqL/gjnp0kezCJBQ1FVTfdXVHMmbG+/+2trW9sbm3ndvK7e/sHh4Wj44ZRiSa0ThRXuhVhQzmTtG6Z5bQVa4pFxGkzGt1M/eYj1YYp+WDHMQ0FHkjWZwRbJ90/dcvdQtEv+TOgVRJkpAgZat3CT6enSCKotIRjY9qBH9swxdoywukk30kMjTEZ4QFtOyqxoCZMZ6dO0LlTeqivtCtp0Uz9O5FiYcxYRK5TYDs0y95U/M9rJ7ZfCVMm48RSSeaL+glHVqHp36jHNCWWjx3BRDN3KyJDrDGxLp2FLYwoIfDCH2kkJnkXVLAcyypplEvBZal8d1WsVrLIcnAKZ3ABAVxDFW6hBnUgMIBneIU378V79z68z3nrmpfNnMACvK9f5S+cpg==</latexit>

h(x) = +1
<latexit sha1_base64="q01lQzvammOn6Q9lq7b1evvgrmk=">AAACJnicbVDLSsNAFJ3UV62vqCtxEyxCRShJFexGKLhxWcE+oA1lMp20Q2cmYWYilhD8GsGV/ok7EXd+hWsnaRa29cCFwzn3cu89XkiJVLb9ZRRWVtfWN4qbpa3tnd09c/+gLYNIINxCAQ1E14MSU8JxSxFFcTcUGDKP4o43uUn9zgMWkgT8Xk1D7DI44sQnCCotDcyjPoNqLFg8TioZ9fz4MTm7PncGZtmu2hmsZeLkpAxyNAfmT38YoIhhrhCFUvYcO1RuDIUiiOKk1I8kDiGawBHuacohw9KNsxcS61QrQ8sPhC6urEz9OxFDJuWUebozvVIueqn4n9eLlF93Y8LDSGGOZov8iFoqsNI8rCERGCk61QQiQfStFhpDAZHSqc1tIShgDM79EXssKemgnMVYlkm7VnUuqrW7y3KjnkdWBMfgBFSAA65AA9yCJmgBBJ7AM3gFb8aL8W58GJ+z1oKRzxyCORjfv/Gpphc=</latexit>

h(x) = �1
<latexit sha1_base64="eX+kRW1s6r3QMXhtPlq3rTyDkKA=">AAACJnicbVDLSsNAFJ3UV62vqCtxEyxCXViSKtiNUHDjsoJ9QBvKZDpph85MwsxELCH4NYIr/RN3Iu78CtdO0ixs64ELh3Pu5d57vJASqWz7yyisrK6tbxQ3S1vbO7t75v5BWwaRQLiFAhqIrgclpoTjliKK4m4oMGQexR1vcpP6nQcsJAn4vZqG2GVwxIlPEFRaGphHfQbVWLB4nFQy6vnxY3J2fe4MzLJdtTNYy8TJSRnkaA7Mn/4wQBHDXCEKpew5dqjcGApFEMVJqR9JHEI0gSPc05RDhqUbZy8k1qlWhpYfCF1cWZn6dyKGTMop83RneqVc9FLxP68XKb/uxoSHkcIczRb5EbVUYKV5WEMiMFJ0qglEguhbLTSGAiKlU5vbQlDAGJz7I/ZYUtJBOYuxLJN2repcVGt3l+VGPY+sCI7BCagAB1yBBrgFTdACCDyBZ/AK3owX4934MD5nrQUjnzkEczC+fwH0+6YZ</latexit>

1

kwk
<latexit sha1_base64="ZIAtb+WR0El2Cmz7vy0lX0UU34A=">AAACJXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCnZZcOOygn1AU8pkOmmHzkzCzEQpafwawZX+iTsRXPkXrp20WdjWAxcO59zLvff4EaNKO86XVVhb39jcKm6Xdnb39g/sw6OWCmOJSROHLJQdHynCqCBNTTUjnUgSxH1G2v74JvPbD0QqGop7PYlIj6OhoAHFSBupb594gUQ4cdPEm3oc6ZEfJI+pN037dtmpODPAVeLmpAxyNPr2jzcIccyJ0JghpbquE+legqSmmJG05MWKRAiP0ZB0DRWIE9VLZh+k8NwoAxiE0pTQcKb+nUgQV2rCfdOZHamWvUz8z+vGOqj1EiqiWBOB54uCmEEdwiwOOKCSYM0mhiAsqbkV4hEykWgT2sIWikPO0cIfic/TkgnKXY5llbSqFfeyUr27KtdreWRFcArOwAVwwTWog1vQAE2AwRN4Bq/gzXqx3q0P63PeWrDymWOwAOv7F8B5pqY=</latexit>

2

kwk
<latexit sha1_base64="RdtosFy5tYbhEce1nCT8E66ByOA=">AAACJXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCnZZcOOygn1AU8pkOmmHziRhZqKUafwawZX+iTsRXPkXrp20WdjWAxcO59zLvff4MaNSOc6XVVhb39jcKm6Xdnb39g/sw6OWjBKBSRNHLBIdH0nCaEiaiipGOrEgiPuMtP3xTea3H4iQNArv1SQmPY6GIQ0oRspIffvECwTCuppqb+pxpEZ+oB9Tb5r27bJTcWaAq8TNSRnkaPTtH28Q4YSTUGGGpOy6Tqx6GglFMSNpyUskiREeoyHpGhoiTmRPzz5I4blRBjCIhKlQwZn6d0IjLuWE+6YzO1Iue5n4n9dNVFDraRrGiSIhni8KEgZVBLM44IAKghWbGIKwoOZWiEfIRKJMaAtbKI44Rwt/aJ+nJROUuxzLKmlVK+5lpXp3Va7X8siK4BScgQvggmtQB7egAZoAgyfwDF7Bm/VivVsf1ue8tWDlM8dgAdb3L8Iypqc=</latexit>

C1
<latexit sha1_base64="ODNCCJZJTR+jd2KBzNFWUEDDZa8=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0omGMgF48RzQOSJcxOJsmQeSwzs0JY8gmCJ/0Tb+LVX/BHPDtJ9mASCxqKqm66u6KYM2N9/9vb2Nza3tnN7eX3Dw6Pjgsnp02jEk1ogyiudDvChnImacMyy2k71hSLiNNWNK7N/NYT1YYp+WgnMQ0FHko2YARbJz3UekGvUPRL/hxonQQZKUKGeq/w0+0rkggqLeHYmE7gxzZMsbaMcDrNdxNDY0zGeEg7jkosqAnT+alTdOmUPhoo7UpaNFf/TqRYGDMRkesU2I7MqjcT//M6iR1UwpTJOLFUksWiQcKRVWj2N+ozTYnlE0cw0czdisgIa0ysS2dpCyNKCLz0RxqJad4FFazGsk6a5VJwXSrf3xSrlSyyHJzDBVxBALdQhTuoQwMIDOEZXuHNe/HevQ/vc9G64WUzZ7AE7+sXi1WccA==</latexit>

C2
<latexit sha1_base64="TUH0c+/EP18GOndrPKxEN/CCaKM=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0omGMgF48RzQOSJcxOJsmQeSwzs0JY8gmCJ/0Tb+LVX/BHPDtJ9mASCxqKqm66u6KYM2N9/9vb2Nza3tnN7eX3Dw6Pjgsnp02jEk1ogyiudDvChnImacMyy2k71hSLiNNWNK7N/NYT1YYp+WgnMQ0FHko2YARbJz3UeuVeoeiX/DnQOgkyUoQM9V7hp9tXJBFUWsKxMZ3Aj22YYm0Z4XSa7yaGxpiM8ZB2HJVYUBOm81On6NIpfTRQ2pW0aK7+nUixMGYiItcpsB2ZVW8m/ud1EjuohCmTcWKpJItFg4Qjq9Dsb9RnmhLLJ45gopm7FZER1phYl87SFkaUEHjpjzQS07wLKliNZZ00y6XgulS+vylWK1lkOTiHC7iCAG6hCndQhwYQGMIzvMKb9+K9ex/e56J1w8tmzmAJ3tcvjP2ccQ==</latexit>
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6.3 SVM optimization problem



Lagrange multipliers

• Method for solving optimization problems under constraints

• Example: maximize f (x) under constraint that g(x) = 0

• There is a parameter λ 6= 0 that allows to obtain

∇f + λ∇g = 0

• Corresponding equation with Lagrange multiplier

L(x,λ) ≡ f (x) + λg(x)

• Maximum obtained by solving ∇L(x,λ) = 0

• If we are only interested in x, we can eliminate λ without having to evaluate it

13



Example with the Lagrange multiplier

• Maximize f (x1,x2) = 1− x21 − x22 subject to constraint g(x1,x2) = x1 + x2 − 1 = 0

• Formulation with Lagrange multiplier

L(x1,x2,λ) = 1− x21 − x22 + λ(x1 + x2 − 1)

• Solve ∇L(x1,x2,λ) = 0

∂L

∂x1
= −2x1 + λ = 0

∂L

∂x2
= −2x2 + λ = 0

∂L

∂λ
= x1 + x2 − 1 = 0

• Solution to the system of equations: x1 = 0.5, x2 = 0.5 and λ = 1

14



Example with the Lagrange multiplier

g(x1,x2) = x1 + x2 � 1 = 0
<latexit sha1_base64="X2t/B+QjGGu9AuLryxubnJEeifI=">AAACI3icbZDLSsNAFIYn9VbrLSq4cRMsQkUtSRXsplBw47KCvUAbwmQ6aYfOTMLMRFpiX0ZwpW/iTty48DVcO22zsK0/DHz85xzOmd+PKJHKtr+MzMrq2vpGdjO3tb2zu2fuHzRkGAuE6yikoWj5UGJKOK4roihuRQJD5lPc9Ae3k3rzEQtJQv6gRhF2GexxEhAElbY886hXGHrOxdArnVU0nGu4dCq2Z+btoj2VtQxOCnmQquaZP51uiGKGuUIUStl27Ei5CRSKIIrHuU4scQTRAPZwWyOHDEs3md4/tk6107WCUOjHlTV1/04kkEk5Yr7uZFD15WJtYv5Xa8cqKLsJ4VGsMEezRUFMLRVakzCsLhEYKTrSAJEg+lYL9aGASOnI5rYQFDIG5/6R+Gyc00E5i7EsQ6NUdK6KpfvrfLWcRpYFx+AEFIADbkAV3IEaqAMEnsAzeAVvxovxbnwYn7PWjJHOHII5Gd+/ABWixQ==</latexit>

f(x1,x2) = 1 � x2
1 � x2

2
<latexit sha1_base64="OJS5NjESZwxMCcuMz/cprKH71KE=">AAACJXicbVDLSgMxFM3UV62vUTeCm2ARKmiZGQW7EQpuXFawD2inQybNtKHJzJBkpGWoXyO40j9xJ4Ir/8K16WNhWw8kHM65l3vv8WNGpbKsLyOzsrq2vpHdzG1t7+zumfsHNRklApMqjlgkGj6ShNGQVBVVjDRiQRD3Gan7/duxX38kQtIofFDDmLgcdUMaUIyUljzzKCgMPPt84DlnN/aFpm1H/07b8cy8VbQmgMvEnpE8mKHimT+tToQTTkKFGZKyaVuxclMkFMWMjHKtRJIY4T7qkqamIeJEuunkghE81UoHBpHQL1Rwov7tSBGXcsh9XcmR6slFbyz+5zUTFZTclIZxokiIp4OChEEVwXEcsEMFwYoNNUFYUL0rxD0kEFY6tLkpFEeco7k7Up+PcjooezGWZVJzivZl0bm/ypdLs8iy4BicgAKwwTUogztQAVWAwRN4Bq/gzXgx3o0P43NamjFmPYdgDsb3L4AIo40=</latexit>
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Lagrange multipliers with inequalities

• If constraints are inequalities g(x) ≥ 0
• Possibility 1: inactive constraint, f (x) is maximum for g(x) > 0, so maximum at

∇f (x) = 0, which implies λ = 0

• Possibility 2: active constraint, f (x) is maximum for g(x) = 0

• In that case, ∇f (x) = −λ∇g(x) and λ > 0

• Corresponding conditions (Karush-Kuhn-Tucker)

g(x) ≥ 0

λ ≥ 0

λg(x) = 0

• Formulation where we minimize f (x), subject to g(x) ≥ 0 (subtraction of the

constraint)

L(x,λ) = f (x)− λg(x), with λ ≥ 0

16



Formulation of the SVM optimization problem

• SVM optimization problem

minimize
1

2
‖w‖2

subject to r t(w>xt + w0) ≥ +1, ∀t
• Typical form of a quadratic programming problem

• Methods (and solvers) exist to find an exact resolution for this problem

• Reformulation of the problem using Lagrange multipliers (αt)

Lp =
1

2
‖w‖2 −

∑

t

αt [r t(w>xt + w0)− 1]

=
1

2
‖w‖2 −

∑

t

αtr t(w>xt + w0) +
∑

t

αt

17



Primal and dual formulations

• Lp is the primal formulation of the problem

Lp =
1

2
‖w‖2 −

∑

t

αtr t(w>xt + w0) +
∑

t

αt

• Resolution of Lp require to minimize according to {w,w0} and maximize according
to αt ≥ 0

• Saddle point solution according to {w,w0} and αt

• Simplification by dual formulation of the problem

• Eliminate w using the partial derivatives of Lp according to {w,w0} equal to zero

∂Lp
∂w

= 0,
∂Lp
∂w0

= 0

18



Passing to dual formulation

Lp =
1

2
‖w‖2 −

∑

t

αtr t(w>xt + w0) +
∑

t

αt

∂Lp
∂w

= w −
∑

t

αtr txt = 0 ⇒ w =
∑

t

αtr txt

∂Lp
∂w0

=
∑

t

αtr t = 0

Ld =
1

2
(w>w)−w>

∑

t

αtr txt − w0

∑

t

αtr t +
∑

t

αt

= −1

2
(w>w) +

∑

t

αt

= −1

2

∑

t

∑

s

αtαsr tr s(xt)>xs +
∑

t

αt

19



Problem formulation with Lagrange multipliers

• Dual formulation with Lagrange multipliers

maximize −1

2

∑

t

∑

s

αtαsr tr s(xt)>xs +
∑

t

αt

subject to
∑

t

αtr t = 0 and αt ≥ 0, ∀t

• New problem formulation

• Problem size depends on the size of the dataset (N) rather than on the

dimensionality (D)

• Form always resolvable by quadratic programming

• Guarantee to obtain the global optimum in polynomial time

• Complexity in time O(N3), complexity in space O(N2).

• This formulation allows to use kernel functions (presented later this week)

20



Support vectors

• New formulation: one αt per training data

• Usually, a majority of αt = 0

• The data for which αt > 0 are the support vectors

• Calculation of w0 from the support vectors, M = {αt |αt > 0, ∀t}

w0 = E[r t −w>xt ] =
1

|M|
∑

αt∈M

(
r t −

∑

αs∈M
αsr s(xt)>xs

)

• Post-training data evaluation

h(x) =
∑

t

αtr t(xt)>x + w0

21



Illustration of support vectors

margin
margin

Sub-optimal margin Maximum margin 22



6.4 Soft margins



Soft margins

• Under the current formulation, SVM remains a linear discriminant

• With nonlinearly separable data, no valid solution can be obtained by quadratic

programming

• Introduction of slacks variables (ξt ≥ 0) for each data xt

• If ξt = 0, no problem with the xt variable

• If ξt > 0, deviation of the xt variable from the margin

• 0 < ξt < 1: data on the right side, but in the margin

• ξt > 1: data on the wrong side of the hyperplane, misclassified

• Rewriting the SVM optimization criterion

r t(w>xt + w0) ≥ 1− ξt

• Allows error tolerance

• Error associated with data in the margin:
∑

t ξ
t

23



Soft margins

⇠ > 1
<latexit sha1_base64="3TScnKA4p2aZ7bR/OHfBZkuHoXw=">AAACEHicbVBNSwMxEJ31s9avqkcvwSJ4KrtVsCcpePFYwW0L7VKyabYNTbJLkhXL0t8geNJ/4k28+g/8I55N2z3Y1gcDj/dmmJkXJpxp47rfztr6xubWdmGnuLu3f3BYOjpu6jhVhPok5rFqh1hTziT1DTOcthNFsQg5bYWj26nfeqRKs1g+mHFCA4EHkkWMYGMlv/vEbrxeqexW3BnQKvFyUoYcjV7pp9uPSSqoNIRjrTuem5ggw8owwumk2E01TTAZ4QHtWCqxoDrIZsdO0LlV+iiKlS1p0Ez9O5FhofVYhLZTYDPUy95U/M/rpCaqBRmTSWqoJPNFUcqRidH0c9RnihLDx5Zgopi9FZEhVpgYm8/CFkZiIfDCH1koJkUblLccyyppViveZaV6f1Wu1/LICnAKZ3ABHlxDHe6gAT4QYPAMr/DmvDjvzofzOW9dc/KZE1iA8/ULP/idXQ==</latexit>
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Reformulation with soft margins

• Primal formulation with soft margins

Lp =
1

2
‖w‖2 + C

∑

t

ξt −
∑

t

αt [r t(w>xt + w0)− 1 + ξt ]−
∑

t

µtξt

• µt : Lagrange multipliers for constraints ξt ≥ 0

• C : Penalty factor for regularization according to errors ξt

• Dual formulation with soft margins

maximize −1

2

∑

t

∑

s

αtαsr tr s(xt)>xs +
∑

t

αt

subject to
∑

t

αtr t = 0 and 0 ≤ αt ≤ C , ∀t
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6.5 Basis functions review



XOR problem

• XOR problem

x1 = [0 0]> r1 = 0

x2 = [0 1]> r2 = 1

x3 = [1 0]> r3 = 1

x4 = [1 1]> r4 = 0

• Example of nonlinearly separable data

−0.5 0 0.5 1 1.5
−0.5

0

0.5

1

1.5
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Basis functions

• Discriminant with basis function

• Nonlinear transformation φ : RD → RK written in a linear form

hi (x) =
K∑

j=1

wjφi,j(x) + w0

• Example of basis functions

• φi,j(x) = xj

• φi,j(x) = x j−1
1

• φi,j(x) = exp(−(x2 −mj)
2/c)

• φi,j(x) = exp(−‖x−mj‖2/c)

• φi,j(x) = sgn(xj − cj)
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Projection with a basis function

x
<latexit sha1_base64="xpmuzdtTjlBMNBWmJyvn//aFa0I=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4TMA9IljA7mSRD5rHMzIphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZrQBlFc6XaEDeVM0oZlltN2rCkWEaetaHw381uPVBum5IOdxDQUeCjZgBFsnVR/6hVLftmfA62TICMlyFDrFX+6fUUSQaUlHBvTCfzYhinWlhFOp4VuYmiMyRgPacdRiQU1YTo/dIounNJHA6VdSYvm6t+JFAtjJiJynQLbkVn1ZuJ/Xiexg9swZTJOLJVksWiQcGQVmn2N+kxTYvnEEUw0c7ciMsIaE+uyWdrCiBICL/2RRmJacEEFq7Gsk2alHFyVK/XrUrWSRZaHMziHSwjgBqpwDzVoAAEKz/AKb96L9+59eJ+L1pyXzZzCEryvX6fJm/s=</latexit>

x
<latexit sha1_base64="xpmuzdtTjlBMNBWmJyvn//aFa0I=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4TMA9IljA7mSRD5rHMzIphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZrQBlFc6XaEDeVM0oZlltN2rCkWEaetaHw381uPVBum5IOdxDQUeCjZgBFsnVR/6hVLftmfA62TICMlyFDrFX+6fUUSQaUlHBvTCfzYhinWlhFOp4VuYmiMyRgPacdRiQU1YTo/dIounNJHA6VdSYvm6t+JFAtjJiJynQLbkVn1ZuJ/Xiexg9swZTJOLJVksWiQcGQVmn2N+kxTYvnEEUw0c7ciMsIaE+uyWdrCiBICL/2RRmJacEEFq7Gsk2alHFyVK/XrUrWSRZaHMziHSwjgBqpwDzVoAAEKz/AKb96L9+59eJ+L1pyXzZzCEryvX6fJm/s=</latexit>

x2
<latexit sha1_base64="chCiDWI9hXtogSQAw5zu693jAS8=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd1V0GPAi8eI5gHJGmYns8mQmZ1lZlYMSz5B8KR/4k28+gv+iGcnyR5MYkFDUdVNd1eYcKaN6347K6tr6xubha3i9s7u3n7p4LChZaoIrRPJpWqFWFPOYlo3zHDaShTFIuS0GQ6vJ37zkSrNZHxvRgkNBO7HLGIEGyvdPT343VLZrbhToGXi5aQMOWrd0k+nJ0kqaGwIx1q3PTcxQYaVYYTTcbGTappgMsR92rY0xoLqIJueOkanVumhSCpbsUFT9e9EhoXWIxHaToHNQC96E/E/r52a6CrIWJykhsZktihKOTISTf5GPaYoMXxkCSaK2VsRGWCFibHpzG1hRAqB5/7IQjEu2qC8xViWScOveOcV//aiXPXzyApwDCdwBh5cQhVuoAZ1INCHZ3iFN+fFeXc+nM9Z64qTzxzBHJyvX+G4nJ8=</latexit>

✓
x
x2

◆

<latexit sha1_base64="ovGFmUeCEuD7383+9MpgXyLsgSs="></latexit>

• In 1D: nonlinearly separable

• With 2D projection: linearly separable
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Basis functions

• Resolution of the XOR problem with a

basis function φ : R2 → R3

φ(x) = [x1 x2 (x1x2)]>

• Transformation results

z1 = [0 0 0]> r1 = 0

z2 = [0 1 0]> r2 = 1

z3 = [1 0 0]> r3 = 1

z4 = [1 1 1]> r4 = 0

• Data is linearly separable in the new

space!
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Radial Basis Functions

• Radial Basis Functions (RBF)

φi (x) = exp

[
−‖x−mi‖2

2s2i

]

• Consists of a Gaussian function centered on mi with a local influence
parameterized by si
• Strictly speaking, this is not a probability density for a multivariate law

(
∫∞
−∞ φi (x)dx 6= 1)

• The idea is: each Gaussian function captures a group of data in a certain

neighbourhood

• With K Gaussian functions, projection in a space with K dimensions

φ = [φ1 . . . φK ]> : RD → RK
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6.6 Kernel SVM



Basis functions and SVM

• Nonlinear transformation φ : RD → RK with basis functions

z(x) = φ(x)

• Linear discrimination in nonlinear space

h(z) = w>z + w0

= w>φ(x) + w0 =
K∑

j=1

wjφj(x) + w0

• Reformulation in dual form

w =
∑

t

αtr tzt =
∑

t

αtr tφ(xt)

h(x) =
∑

t

w>φ(x) + w0 =
∑

t

αtr t(φ(xt))>φ(x) + w0

31



Kernel functions

• Kernel function: K (x,y) = (φ(x))>φ(y)

• SVM with kernel function

h(x) =
∑

t

αtr tK (xt ,x) + w0

• Kernel trick: no computation directly in the space generated by φ(x)

• Allows to process kernel functions generating high dimensionality spaces (possibly

infinite), without working directly in these spaces.

• Commonly used kernels

• Scalar product: K (x,y) =< x,y >= x>y

• Polynomial of order q: K (x,y) = (x>y + 1)q

• Gaussian: K (x,y) = exp
[
−‖x−y‖2

σ2

]

• Sigmoid: K (x,y) = tanh(2x>y + 1)
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SVM kernel

• Training on a dataset X = {xt ,r t}Nt=1

• Calculation of αt by quadratic programming

maximize Ld = −1

2

N∑

t=1

N∑

s=1

αtαs r tr sK (xt , xs) +
∑

t

αt

subject to
∑

t

αtr t = 0 and 0 ≤ αt ≤ C , ∀t

• Calculation of the bias w0 with support vectors, M = {αt |αt ≥ 0, ∀t}

w0 =
1

|M|
∑

αt∈M

(
r t −

∑

αs∈M
αs r sK (xt ,xs)

)

• Evaluating a data x

h(x) =
∑

t

αtr tK (xt ,x) + w0
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Polynomial kernel

• Polynomial kernel of order q

K (x,y) = (x>y + 1)q

• Example in dimension D = 2 and order q = 2

K (x,y) = (x>y + 1)2 = (x1y1 + x2y2 + 1)2

= 1 + 2x1y1 + 2x2y2 + 2x1x2y1y2 + x21y
2
1 + x22y

2
2

• Corresponding basis functions

φ(x) = [1
√

2x1
√

2x2
√

2x1x2 x21 x22 ]>

K (x,y) = φ(x)>φ(y) = (x>y + 1)2
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Gaussian kernel

• Gaussian kernel with spread σ

K (x,y) = exp

[
−‖x− y‖2

σ2

]

• SVM with Gaussian kernel is a network of RBF functions trained in a particular

way

h(x) =
N∑

t=1

αtr tK (xt ,x) + w0 =
N∑

t=1

wt exp

[
−‖x− xt‖2

σ2

]
+ w0

• Density estimation with the kernel method: SVM with kernel and αt = 1, ∀t

h(x) =
N∑

t=1

r tK (xt ,x)
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Overlapping data: linear SVM

36



Overlapping data: polynomial kernel
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Overlapping data: Gaussian kernel
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Overlapping data: Gaussian kernel with large σ
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Overlapping data: Gaussian kernel with small σ
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6.7 SVM hyperparameters



SVM parameters

• SVM is a complex machine, where the choice of parameters can greatly influence
the results.

• With Gaussian kernel, parameters C (regularization) and σ (kernel reach) have a

significant impact on performance

• For different values of these parameters, results can vary greatly (and sometimes be

catastrophic)

• Empirical adjustment is required, case by case

• Rule of thumb for SVM training with Gaussian kernel

• Values to be tested for parameter C : {10−5, 10−4, . . . , 105}
• Values to be tested for parameter σ: {σmin, 2σmin, 4σmin, . . . , 64σmin} where σmin is

the minimum Euclidean distance measured between two data in the data set

(excluding zero distances): σmin = min∀xi 6=xj ‖xi − xj‖
• Adjustment of these parameters with a grid search
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Grid search

• Grid search: adjustment of pairs of parameters, based on results from a validation
dataset

1. Partition the dataset X into two subsets, XT and XV (usually 50%-50%)

2. Train a classifier with XT for each pair of parameters considered

3. Select the pair of parameters where the error is minimal on XV

4. Use this pair of parameters for full training on the whole dataset X
• Classical method to determine C and σ of a SVM with Gaussian kernel

• Applicable for all pairs of parameters for which joint effect is important in the

training of classifiers
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6.8 Gradient descent for SVM



Error function

• SVM: linear discriminant with Hinge loss function

Lhinge(y t ,r t) = max(1− y tr t ,0)

• y t = h(xt |w,w0)

• Penalizes data on the right side of the hyperplane, but in the margin (y tr t < 1)

• Each error criterion makes a different tradeoff depending on the nature of the
errors

• 0/1 loss function

• Quadratic error

• Cross entropy
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Comparison of different error criteria
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Gradient descent with kernel

• Discriminant in the space generated by a kernel

h(x) =
∑

xs∈X
αsr sK (xs ,x) + w0

• Learning of the parameters αt and w0 can be done using a gradient descent

• Corrections to be applied to the parameters

∆αt = −η ∂E (α,w0|X )

∂αt
, ∆w0 = −η ∂E (α,w0|X )

∂w0

• Updated value, with constraint αt ≥ 0, ∀αt :

αt =

{
0 if αt + ∆αt < 0

αt + ∆αt otherwise
,

w0 = w0 + ∆w0.

45



Error function for gradient descent

• Hinge loss function with regularization for discriminant with kernel

Ehinge(α,w0|X ) =
∑

xt∈Y
(1− r th(xt |α,w0)) + λ

1

2

∑

αs∈α
(αs)2 ,

Y = {xt ∈ X | r th(xt |α,w0) < 1}.

• Maximizes geometric margins in kernel space

• Value r th(xt | α,w0) ∈ [0,1]: data classified properly, but in the margin

• Regularization is necessary

• Otherwise, αt values explode!

• Regularization parameter λ must be adjusted empirically for each dataset (grid

search with the σ for Gaussian kernel)
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6.9 Kernel functions and distances



Kernel functions and distances

• Kernel function: similarity measurement

• Distance measurement: dissimilarity measurement

• Euclidean distance in space generated by kernel (space φ(x))

d(x,y)2 = K (x,x) + K (y,y)− 2K (x,y)

• Example with scalar product type kernel, K (x,y) = x>y

d(x,y)2 = ‖x− y‖2 = (x− y)>(x− y)

= x>x + y>y − 2x>y

= K (x,x) + K (y,y)− 2K (x,y)

• Allows to use k-nearest neighbours classifications with kernel functions!

• Support vectors = prototype selection
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Gram matrix

• Gram matrix G (X ): measure of similarities between all the data of X = {xt}Nt=1

G (X ) =




K (x1,x1) K (x1,x2) · · · K (x1,xN)

K (x2,x1) K (x2,x2) · · · K (x2,xN)

. . . . . .
. . . . . .

K (xN ,x1) K (xN ,x2) · · · K (xN ,xN)




• Symmetrical matrix

• Shape similar to a distance matrix or a covariance matrix
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6.10 SVM in scikit-learn



Scikit-learn

• svm.SVC: SVM with kernel as seen during this course

• Some standard kernels supported (linear, Gaussian, polynomial, sigmoid), Gram

matrix can also be provided

• Not so scalable, does not work well with N > 100 000

• svm.NuSVC: SVM kernel variant

• Regularization directly controlling the number of support vectors

• svm.LinearSVC: linear SVM

• Optimized for linear SVM, better resource utilization and scalability

• linear model.SGDClassifier: stochastic gradient descent

• Can emulate linear SVM with good loss function configuration and regularization

• Efficient in the use of resources, allows online processing
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