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5.1 Discriminative models



Generative and discriminative models

• Generative classification models

• Likelihood-based classification (probability densities)

hi (x) = log P̂(Ci |x)

• Parametric (including mixture models) and nonparametric approaches

• Discriminative models

• Philosophy: to solve only the problem of discrimination, the estimation of densities is

an unnecessary step

• Obtaining a discriminant function hi (x|Φi ) according to a parametrization Φi

• “When solving a given problem, try to avoid solving a more general problem as an

intermediary step.” (Vladimir Vapnik)
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Generative and discriminative models
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• Generative model: if P(C1|x) ≥ P(C0|x) then C1, otherwise C0

• Discriminative model: if x ≥ 0 then C1, otherwise C0 2



Linear discriminants

• Equation of a linear discriminant

hi (x|wi ,wi ,0) =
D∑

j=1

wi ,jxj + wi ,0

• Two-class model

• Only one equation h(x|w,w0)

• x belongs to C1 if h(x) ≥ 0

• Otherwise (when h(x) < 0) x belongs to C2.

• Weight w determines the orientation of the separating hyperplane

• Bias w0 determines the position of the separating hyperplane in the input space
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Linear discriminants geometry
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5.2 Perceptron



Perceptron

• Perceptron
• Proposed in 1957 by Rosenblatt

• Considered as the simplest neural network

• The class is assigned according to the sign of the discriminant function h(x|w,w0)

h(x|w,w0) = w>x + w0, x ∈
{

C1 if h(x|w,w0) ≥ 0

C2 otherwise

• Optimization based on the perceptron criterion (r t ∈ {−1, 1})
Epercp(w,w0|X ) = −

∑

xt∈Y
r th(xt |w,w0)

• Y represents the data of X misclassified by h(xt |w,w0)

Y = {xt ∈ X | r th(xt |w,w0) ≤ 0}
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Gradient descent

• Iterative minimization of an error criterion E (w,w0|X ) based on a dataset X

{w∗,w∗0 } = argmin
{w,w0}

E (w,w0|X )

• Resolution with partial derivatives, ∇wE

∇wE =

[
∂E

∂w0

∂E

∂w1

∂E

∂w2
· · · ∂E

∂wD

]

• Modification of the weights wi in the direction opposite to the gradient (gradient

descent)

wi = wi + ∆wi , ∆wi = −η ∂E
∂wi

, i = 0, . . . ,D

• η ∈ [0, 1] is the step size or learning rate
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Gradient descent
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Gradient descent
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Gradient descent

Public domain, https://commons.wikimedia.org/wiki/File:Gradient_descent.gif 8

https://commons.wikimedia.org/wiki/File:Gradient_descent.gif


Gradient descent
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Gradient descent
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Gradient descent
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Gradient descent
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Gradient descent with perceptron

• Perceptron error criterion

Epercp(w,w0|X ) = −
∑

xt∈Y
r th(xt |w,w0)

• Y is the dataset from X misclassified by h(xt |w,w0)

• Calculating the gradient ∇Epercp(w,w0|X )

∂E

∂wi
=

∂(−∑xt∈Y r
t(w>x + w0))

∂wi
= −

∑

xt∈Y
r tx ti

∂E

∂w0
=

∂(−∑xt∈Y r
t(w>x + w0))

∂w0
= −

∑

xt∈Y
r t

• Gradient descent wi = wi + ∆wi , i = 0, . . . ,D

∆wi = −η ∂E
∂wi

= η
∑

xt∈Y
r tx ti , ∆w0 = −η ∂E

∂w0
= η

∑

xt∈Y
r t
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Perceptron algorithm

1. Initialize the weights w and w0 arbitrarily

wj = 0, j = 0, . . . ,D

2. Repeat until convergence or depletion of resources:

wj = wj + η
∑

xt∈Y
r tx tj , j = 1, . . . ,D

w0 = w0 + η
∑

xt∈Y
r t
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Example with the perceptron (linearly separable)
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Donnees lineairement separables
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Example with the perceptron (linearly separable)

−1 −0.5 0 0.5 1 1.5 2
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w=[0.05,−0.08], w0=−0.3, iter=1
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Example with the perceptron (linearly separable)

−1 −0.5 0 0.5 1 1.5 2
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w=[0.28,0.14], w0=0, iter=2
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Example with the perceptron (linearly separable)
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w=[0.28,0.09], w0=−0.2, iter=3
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Example with the perceptron (linearly separable)
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w=[0.33,0.14], w0=−0.1, iter=4
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Perceptron convergence

• Convergence on linearly separable data

• Mathematical proof of convergence exists for linearly separable data

• Convergence towards any position of the discriminant that separates the data

• For non-linearly separable data, no convergence

• Error criterion weakly related to the nature of the errors
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Example with the perceptron (non-linearly separable)
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Example with the perceptron (non-linearly separable)

−1 −0.5 0 0.5 1 1.5 2
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w=[0.775,−1.7], w0=−0.5, iter=20
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Example with the perceptron (non-linearly separable)
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w=[1.55,−0.9], w0=0.5, iter=40
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Example with the perceptron (non-linearly separable)

−1 −0.5 0 0.5 1 1.5 2
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w=[0.775,−1.7], w0=−0.5, iter=60
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Example with the perceptron (non-linearly separable)

−1 −0.5 0 0.5 1 1.5 2
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w=[1.55,−0.9], w0=0.5, iter=80
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Example with the perceptron (non-linearly separable)

−1 −0.5 0 0.5 1 1.5 2
−1

−0.5
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w=[0.775,−1.7], w0=−0.5, iter=100
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5.3 Least squares method



Regression for classification

• In regression, there is a stronger feedback on the nature of the errors

• Fine differences between target values r t and values obtained by h(xt)

• Target values r t ∈ R in regression are more general than discrete target values

r t ∈ {−1, 1} in classification

• Least squares error for linear regression

Equad(w,w0|X ) =
1

2

∑

xt∈X

(r t − h(xt |w,w0))2

• Regression for classification

• Optimize the separating hyperplane by treating r t and h(xt |w,w0) as real numbers

14



Least squares method

• Gradient descent based on the least squares error (r t ∈ {−1, 1})

Equad(w,w0|X ) =
1

2

∑

xt∈X
(r t − (w>xt + w0))2

∂Equad

∂wi
=

1

2

∑

xt∈X
(−2x ti )(r t − (w>xt + w0))

∂Equad

∂w0
=

1

2

∑

xt∈X
(−2)(r t − (w>xt + w0))

• By setting e(xt) = r t − h(xt |w,w0), then

∆wi = −η ∂E
∂wi

= η
∑

xt∈X
e(xt)x ti

∆w0 = −η ∂E
∂w0

= η
∑

xt∈X
e(xt)
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Algorithm for least squares classification

1. Initialize the weights w and w0 arbitrarily

wj = 0, j = 0, . . . ,D

2. Repeat until convergence or depletion of resources:

e(xt) = r t − (w>xt + w0)

wj = wj + η
∑

xt∈X
e(xt)x tj , j = 1, . . . ,D

w0 = w0 + η
∑

xt∈X
e(xt)
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Least squares example (linearly separable)
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Donnees lineairement separables
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Least squares example (linearly separable)

−1 −0.5 0 0.5 1 1.5 2
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w=[0.46667,0.23333], w0=0, iter=1, E
eqm

=0.61236
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Least squares example (linearly separable)
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w=[0.70233,0.25667], w0=−0.25667, iter=2, E
eqm

=0.41507
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Least squares example (linearly separable)

−1 −0.5 0 0.5 1 1.5 2
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w=[0.92449,0.33504], w0=−0.33903, iter=3, E
eqm

=0.30923
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Least squares example (linearly separable)

−1 −0.5 0 0.5 1 1.5 2
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w=[1.0704,0.36597], w0=−0.44487, iter=4, E
eqm

=0.2514
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Least squares example (linearly separable)

−1 −0.5 0 0.5 1 1.5 2
−1
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w=[1.1875,0.39871], w0=−0.50412, iter=5, E
eqm

=0.2196
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Convergence of the least squares method

• Convergence on linearly separable data

• Positioning of the separating hyperplane at a position minimizing the least squares

error

• Emphasis on the data with the largest error

• Strong influence of well-classified data which are far from the separating hyperplane

• Non linearly separable data

• Best possible positioning of the hyperplane based on the least squares error
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Least squares example (non-linearly separable)
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Donnees non−lineairement separables
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Least squares example (non-linearly separable)
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w=[0.046281,−0.10712], w0=0.022375, iter=2, E
eqm

=0.96574

19



Least squares example (non-linearly separable)
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w=[0.10463,−0.17336], w0=0.059802, iter=4, E
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=0.94352
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Least squares example (non-linearly separable)
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w=[0.15801,−0.22995], w0=0.089285, iter=6, E
eqm

=0.92678
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Least squares example (non-linearly separable)
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w=[0.20686,−0.27841], w0=0.1123, iter=8, E
eqm

=0.91402

19



Least squares example (non-linearly separable)
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w=[0.25159,−0.31998], w0=0.13008, iter=10, E
eqm

=0.90422
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Learning rate η

GIF-21410/64326  Réseaux de neurones

Taux d’apprentissage
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5.3. RÉSEAU MULTICOUCHE 47

(a) (b) (c)

FIG. 5.6 – Trajectoire de la descente du gradient pour différents taux d’apprentissage : (a) taux
faible ; (b) taux moyen ; (c) taux (trop) élevé.

peut sauter par dessus un contour et se mettre à osciller. Dans le cas quadratique, les lignes de
contour ont une forme elliptique comme à la figure 5.6. Lorsque le taux est faible, la trajectoire est
continue mais peut converger lentement vers l’optimum. Avec un taux plus élevé (moyen), les pas
sont plus grands mais peuvent avoir tendance à osciller. On atteint normalement l’optimum plus
rapidement. Lorsque le taux est trop élevé, l’algorithme peut diverger.

On peut montrer que pour garantir la convergence de l’algorithme LMS avec le réseau ADA-
LINE, il faut que 0 < η < 1

λmax
où λmax est la plus grande valeur propre de la matrice E
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]
.

Pour initialiser l’algorithme, il s’agit simplement de fixer tous les poids et biais du réseau à zéro.
Puis, pour réaliser l’apprentissage, il suffit de lui présenter toutes les associations stimulus/cible
disponibles, à tour de rôle, et de mettre les poids à jour à chaque fois en utilisant les équations 5.31
et 5.32. Une période d’entraı̂nement correspond à appliquer ces équations une fois pour chaque
couple (pi,di), i = 1, . . . , Q. Notez qu’il peut être avantageux de permuter l’ordre de présentation
à chaque période. L’algorithme itère ainsi jusqu’à un nombre maximum (fixé a priori) de périodes
ou encore jusqu’à ce que la somme des erreurs quadratiques en sortie soit inférieure à un certain
seuil.

5.3 Réseau multicouche

Jusqu’à présent, nous n’avons traité que des réseaux à une seule couche de neurones. Nous
avons aussi vu que ces réseaux ne pouvaient résoudre que des problèmes de classification linéai-
rement séparables. Les réseaux multicouches permettent de lever cette limitation. On peut même
démontrer qu’avec un réseau de trois couches (deux couches cachées + une couche de sortie),
comme celui de la figure 2.7 (voir page 14), on peut construire des frontières de décision de com-
plexité quelconque, ouvertes ou fermées, concaves ou convexes, à condition d’employer une fonc-
tion de transfert non linéaire et de disposer de suffisamment de neurones sur les couches cachées.

Un réseau multicouche n’est rien d’autre qu’un assemblage de couches concaténées les unes
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FIG. 5.6 – Trajectoire de la descente du gradient pour différents taux d’apprentissage : (a) taux
faible ; (b) taux moyen ; (c) taux (trop) élevé.
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contour ont une forme elliptique comme à la figure 5.6. Lorsque le taux est faible, la trajectoire est
continue mais peut converger lentement vers l’optimum. Avec un taux plus élevé (moyen), les pas
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démontrer qu’avec un réseau de trois couches (deux couches cachées + une couche de sortie),
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Un réseau multicouche n’est rien d’autre qu’un assemblage de couches concaténées les unes
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5.4 Linear parametric methods



Parametric classification

• Discriminant function with parametric classification

hi (x) = p(x|Ci )P(Ci )

• Using the log: hi (x) = log p(x|Ci )P(Ci ) = log p(x|Ci ) + logP(Ci )

• If p(x|Ci ) corresponds to a multivariate Gaussian distribution

p(x|Ci ) =
1

(2π)0.5D |Σi |0.5D
exp

[
−0.5(x− µi )

>Σ−1i (x− µi )
]

hi (x) = −0.5 log |Σi | − 0.5(x− µi )
>Σ−1i (x− µi ) + log P̂(Ci )

P̂(Ci ) =

∑
t r

t
i

N

mi =

∑
t r

t
i xt∑

t r
t
i

Si =

∑
t r

t
i (x−mi )(x−mi )

>
∑

t r
t
i 21



Parametric classification for linear discrimination

• If the estimation of the covariance matrices is shared, S =
∑

i P̂(Ci )Si

hi (x) = −0.5(x−mi )
>S−1(x−mi ) + log P̂(Ci )

= −0.5
(

x>S−1x− 2x>S−1mi + m>i S−1mi

)
+ log P̂(Ci )

= x>S−1mi + (−0.5m>i S−1mi + log P̂(Ci ))

= w>i x + wi ,0

where wi = S−1mi

wi ,0 = −0.5m>i S−1mi + log P̂(Ci )
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Linear discrimination with parametric methods
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logit function

• Two-class parametric classification (C1 and C2)

• Choose C1 for x when P(C1|x) > P(C2|x) and C2 otherwise

• For two classes, P(C1|x) + P(C2|x) = 1, so P(C2|x) = 1− P(C1|x).

• Equivalent formulations, by setting y ≡ P(C1|x)

P(C1|x) > P(C2|x) ⇒ y > (1− y)
y

1− y
> 1 ⇒ log

y

1− y
> 0

• flogit(y) = log y
1−y is named logit function

24



Parametric classification and linear discriminant

• Two classes following multivariate normal distributions with shared covariance
matrix: linear discriminant

flogit(P(C1|x)) = log
P(C1|x)

1− P(C1|x)
= log

P(C1|x)
P(C2|x)

= log
p(x|C1)

p(x|C2)
+ log

P(C1)

P(C2)

= log
(2π)−0.5D |Σ|−0.5 exp[−0.5(x− µ1)>Σ−1(x− µ1)]

(2π)−0.5D |Σ|−0.5 exp[−0.5(x− µ2)>Σ−1(x− µ2)]
+ log

P(C1)

P(C2)

= w>x + w0

with:

w = Σ−1(µ1 − µ2)

w0 = −0.5(µ1 + µ2)
>Σ−1(µ1 + µ2) + log

P(C1)

P(C2)
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Sigmoid function

• logit function

flogit(P(C1|x)) = log
P(C1|x)

1− P(C1|x)
= w>x + w0

• Inverse of the logit function: sigmoid function (also called logistic function)

flogit(y) = log
y

1− y
= a ⇒ y = fsig (a) =

1

1 + exp(−a)

P(C1|x) = fsig (w>x + w0) =
1

1 + exp[−(w>x + w0)]
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Normal density and a posteriori probabilities
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5.5 Logistic regression



Logistic regression

• Logistic regression: estimate P(C1|x) by gradient descent

y = P̂(C1|x) =
1

1 + exp[−(w>x + w0)]

• Learning w and w0 from X = {xt ,r t}, with r t ∈ {0, 1}
• r t for a certain xt follows a Bernoulli distribution with a probability y t = P(C1|xt)

r t |xt ∼ B(1,y t)

• Likelihood of sampling X based on w,w0

l(w,w0|X ) =
∏

t

(y t)(r
t)(1− y t)(1−r

t)

• Error that maximizes log-likelihood

Eentr (w,w0|X ) = − log l(w,w0|X ) = −
∑

t

r t log y t + (1− r t) log(1− y t)

• Error Eentr (w,w0|X ) also named cross entropy
28



Minimization of cross entropy

• Derivative of the sigmoid function y = fsig (a) = 1
1+exp(−a)

dy

da
=

exp(−a)

[1 + exp(−a)]2
=

1

1 + exp(−a)

exp(−a) + 1− 1

1 + exp(−a)

=
1

1 + exp(−a)

(
1− 1

1 + exp(−a)

)
= y(1− y)

• Minimizing cross entropy by gradient descent

∆wj = −η ∂E
∂wj

= −η∂E
∂y

∂y

∂wj
= η

∑

t

(
r t

y t
− 1− r t

1− y t

)
y t(1− y t)x tj

= η
∑

t

(r t − y t)x tj

∆w0 = −η ∂E
∂w0

= −η∂E
∂y

∂y

∂w0
= η

∑

t

(r t − y t)
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Algorithm for discrimination by logistic regression

1. Randomly initialize weights (evenly distributed), wj ∼ U(−0,01, 0,01)

wj = rand(−0,01, 0,01), j = 0, . . . ,D

2. Repeat until convergence:

y t =
1

1 + exp[−(w>xt + w0)]
, t = 1, . . . ,N

wj = wj + η
∑

t

(r t − y t)x tj , j = 1, . . . ,D

w0 = w0 + η
∑

t

(r t − y t)

30



Example of logistic regression

By Michaelg2015, CC-BY-SA 4.0, https://commons.wikimedia.org/wiki/File:Exam_pass_logistic_curve.jpeg
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Performance criteria

• Different methods give different parameterizations (w,w0)
• Perceptron

Epercp(w,w0|X ) = −
∑

xt∈Y

r th(xt |w,w0)

• Y are the data from X which were misclassified by h(xt |w,w0)

• Least squares error

Equad(w,w0|X ) =
1

2

∑

xt∈X

(r t − h(xt |w,w0))2

• Cross entropy (logistic regression)

y =
1

1 + exp[−h(xt |w,w0)]

Eentr (w,w0|X ) = −
∑

t

r t log y t + (1− r t) log(1− y t)
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Other performance criteria

• Linear discriminant analysis: maximize J(w) = (m1−m2)2

s21+s22
• Separate class averages mi while reducing the variance of each class s2i

• Error function hinge

Ehinge(w,w0|X ) =
∑

xt∈Y
[1− r th(xt |w,w0)]

• Y = {xt ∈ X | r th(xt |w,w0) ≤ 1}
• Y are the data from X which are in the margin

• Used in the SVM (presented next week)

• Log loss function

Elog (w,w0|X ) =
∑

xt∈X
log
[
1 + exp(−r th(xt |w,w0))

]
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Comparison of different error criteria
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5.6 Normalization and

regularization



Weight normalization

• Under certain circumstances, the values of the weights w and w0 can explode (or
implode)
• Several weight values give the same discriminant, only relative values of w and w0

count for the classification (sign of h(x))

• Repeated corrections continuously add value to the weights

• According to the criterion, a lower error is obtained with low weights

• May exceed values that can be represented on a computer (overflow or underflow)

• Possible solutions
• Normalize the weights at each iteration

w′ =
w

‖[w w0]>‖ , w ′0 =
w0

‖[w w0]>‖
• Standardization in error criteria

E ′(w,w0|xt) =
E (w,w0|xt)
‖xt‖2
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Ridge regression (regularization l2)

• Ridge regression
• Limiting weight values during optimization

minimize Equad(w,w0|X ) =
1

2

∑

xt∈X

(r t−h(xt |w,w0))2 subject to

(
D∑

i=1

w2
i

)
≤ γ

• Equivalent formulation (Tychonoff regularization)

Eridge =
1

2

∑

xt∈X

(r t − h(xt |w,w0))2 + λ

D∑

i=1

w2
i

• Guides the search towards simpler models
• Correlation between variables: positive value of wi can be cancelled by negative

value of wj .

• Requires data to be standardized and centred at the origin

• Can be combined with criteria other than the least squares error
36



LASSO (regularization l1)

• LASSO: use a l1 regulation instead of l2.

ELASSO =
1

2

∑

xt∈X
(r t − h(xt |w,w0))2 + λ

D∑

i=1

|wi |

• Cannot be resolved by partial derivatives, requires methods such as quadratic

programming

• Favours elimination of variables (feature selection)

By Mxwsn, CC-BY-SA 4.0, https://commons.wikimedia.org/wiki/File:Sparsityl1.png.
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5.7 Multi-class models



Multi-class models

• With K classes, various strategies are possible

• Approach one versus all (OvA)

• Approach one versus one (OvO)

• Other approaches (e.g. error correction code)

• One against all

• One discriminating function per class, hi (x|wi ,wi,0), i = 1, . . . ,K

• Option 1: maximum value, h(x) =
CK

argmax
Ci=C1

hi (x)

• Option 2: positive value only

h(x) =

{
Ci if hi (x) ≥ 0 and hj(x) < 0, ∀i 6= j

ambiguity otherwise
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Multi-class models

• One versus one

• One linear discriminator per each pair of classes,

hi,j(x|wi,j ,wi,j,0), i = 1, . . . ,K − 1, j = i + 1, . . . ,K

• Symmetrical discriminant hj,i (x) = −hi,j(x), j = 2, . . . ,K , i = 1, . . . ,j − 1

• Discriminators trained only on data of class Ci and Cj

hi,j(x) =





≥ 0 si x ∈ Ci

< 0 si x ∈ Cj

ignored otherwise

with i = 1, . . . ,K , j = i , . . . ,K

• Data evaluation: choose Ci if ∀j 6= i , hi,j > 0

• Possible relaxation: hi (x) =
∑

j 6=i hi,j(x)
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Multi-class decision boundaries

h1(x) > 0
<latexit sha1_base64="LQzHAZgrM1kLiqXwxPq2BiHsv9Q=">AAACJ3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBV1JwY3LCvYBbQiT6aQdOpOEmYlYQsCvEVzpn7gTXfoTrp2kWdjWAwNnzrmXe+/xIkalsqwvo7Syura+Ud6sbG3v7O6Z+wcdGcYCkzYOWSh6HpKE0YC0FVWM9CJBEPcY6XqTm8zvPhAhaRjcq2lEHI5GAfUpRkpLrnk04EiNBU/GqWvX8o/nJ4/p2bXlmlWrbuWAy8QuSBUUaLnmz2AY4piTQGGGpOzbVqScBAlFMSNpZRBLEiE8QSPS1zRAnEgnyW9I4alWhtAPhX6Bgrn6tyNBXMop93RltqRc9DLxP68fK//KSWgQxYoEeDbIjxlUIcwCgUMqCFZsqgnCgupdIR4jgbDSsc1NoTjkHM3dkXg8reig7MVYlkmnUbfP6427i2qzVkRWBsfgBNSADS5BE9yCFmgDDJ7AM3gFb8aL8W58GJ+z0pJR9ByCORjfv8EVpnY=</latexit>

h1(x) < 0
<latexit sha1_base64="BmHfILmReBUBAWDpZQzwJB7+rx4=">AAACJ3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBV24KLhxWcE+oA1hMp20Q2eSMDMRSwj4NYIr/RN3okt/wrWTNAvbemDgzDn3cu89XsSoVJb1ZZRWVtfWN8qbla3tnd09c/+gI8NYYNLGIQtFz0OSMBqQtqKKkV4kCOIeI11vcpP53QciJA2DezWNiMPRKKA+xUhpyTWPBhypseDJOHXtWv7x/OQxPbu2XLNq1a0ccJnYBamCAi3X/BkMQxxzEijMkJR924qUkyChKGYkrQxiSSKEJ2hE+poGiBPpJPkNKTzVyhD6odAvUDBX/3YkiEs55Z6uzJaUi14m/uf1Y+VfOQkNoliRAM8G+TGDKoRZIHBIBcGKTTVBWFC9K8RjJBBWOra5KRSHnKO5OxKPpxUdlL0YyzLpNOr2eb1xd1Ft1orIyuAYnIAasMElaIJb0AJtgMETeAav4M14Md6ND+NzVloyip5DMAfj+xe9w6Z0</latexit>

h2(x) > 0
<latexit sha1_base64="7pkX+a4YnwdsJHjj24j7zWY7uzA=">AAACJ3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBV1JwY3LCvYBbQiT6aQdOpOEmYlYQsCvEVzpn7gTXfoTrp2kWdjWAwNnzrmXe+/xIkalsqwvo7Syura+Ud6sbG3v7O6Z+wcdGcYCkzYOWSh6HpKE0YC0FVWM9CJBEPcY6XqTm8zvPhAhaRjcq2lEHI5GAfUpRkpLrnk04EiNBU/Gqduo5R/PTx7Ts2vLNatW3coBl4ldkCoo0HLNn8EwxDEngcIMSdm3rUg5CRKKYkbSyiCWJEJ4gkakr2mAOJFOkt+QwlOtDKEfCv0CBXP1b0eCuJRT7unKbEm56GXif14/Vv6Vk9AgihUJ8GyQHzOoQpgFAodUEKzYVBOEBdW7QjxGAmGlY5ubQnHIOZq7I/F4WtFB2YuxLJNOo26f1xt3F9VmrYisDI7BCagBG1yCJrgFLdAGGDyBZ/AK3owX4934MD5npSWj6DkEczC+fwHCy6Z3</latexit>

h2(x) < 0
<latexit sha1_base64="5YRAfZnkDJv6J+3AJXYes4TqoNo=">AAACJ3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBV24KLhxWcE+oA1hMp20Q2eSMDMRSwj4NYIr/RN3okt/wrWTNAvbemDgzDn3cu89XsSoVJb1ZZRWVtfWN8qbla3tnd09c/+gI8NYYNLGIQtFz0OSMBqQtqKKkV4kCOIeI11vcpP53QciJA2DezWNiMPRKKA+xUhpyTWPBhypseDJOHUbtfzj+cljenZtuWbVqls54DKxC1IFBVqu+TMYhjjmJFCYISn7thUpJ0FCUcxIWhnEkkQIT9CI9DUNECfSSfIbUniqlSH0Q6FfoGCu/u1IEJdyyj1dmS0pF71M/M/rx8q/chIaRLEiAZ4N8mMGVQizQOCQCoIVm2qCsKB6V4jHSCCsdGxzUygOOUdzdyQeTys6KHsxlmXSadTt83rj7qLarBWRlcExOAE1YINL0AS3oAXaAIMn8AxewZvxYrwbH8bnrLRkFD2HYA7G9y+/eaZ1</latexit>

h3(x) > 0
<latexit sha1_base64="9Yw7hZ9Pe8WPaU3mY6zoXLY3HPI=">AAACJ3icbVDLSsNAFJ34rPUVdaebwSLUTUlaQVdScOOygn1AG8JkOmmHziRhZiKWEPBrBFf6J+5El/6EaydpFrb1wMCZc+7l3nu8iFGpLOvLWFldW9/YLG2Vt3d29/bNg8OODGOBSRuHLBQ9D0nCaEDaiipGepEgiHuMdL3JTeZ3H4iQNAzu1TQiDkejgPoUI6Ul1zwecKTGgifj1G1U84/nJ4/p+bXlmhWrZuWAy8QuSAUUaLnmz2AY4piTQGGGpOzbVqScBAlFMSNpeRBLEiE8QSPS1zRAnEgnyW9I4ZlWhtAPhX6Bgrn6tyNBXMop93RltqRc9DLxP68fK//KSWgQxYoEeDbIjxlUIcwCgUMqCFZsqgnCgupdIR4jgbDSsc1NoTjkHM3dkXg8Leug7MVYlkmnXrMbtfrdRaVZLSIrgRNwCqrABpegCW5BC7QBBk/gGbyCN+PFeDc+jM9Z6YpR9ByBORjfv8SBpng=</latexit>

h3(x) < 0
<latexit sha1_base64="c2PXA4euu+V1C07LAQmB9mpoiWU=">AAACJ3icbVDLSsNAFJ34rPUVdaebwSLUTUlaQRcuCm5cVrAPaEOYTCft0JkkzEzEEgJ+jeBK/8Sd6NKfcO0kzcK2Hhg4c8693HuPFzEqlWV9GSura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGA1IW1HFSC8SBHGPka43ucn87gMRkobBvZpGxOFoFFCfYqS05JrHA47UWPBknLqNav7x/OQxPb+2XLNi1awccJnYBamAAi3X/BkMQxxzEijMkJR924qUkyChKGYkLQ9iSSKEJ2hE+poGiBPpJPkNKTzTyhD6odAvUDBX/3YkiEs55Z6uzJaUi14m/uf1Y+VfOQkNoliRAM8G+TGDKoRZIHBIBcGKTTVBWFC9K8RjJBBWOra5KRSHnKO5OxKPp2UdlL0YyzLp1Gt2o1a/u6g0q0VkJXACTkEV2OASNMEtaIE2wOAJPINX8Ga8GO/Gh/E5K10xip4jMAfj+xfBL6Z2</latexit>

h1,2(x) > 0
<latexit sha1_base64="pH2moEY9UDPIJLXf8iflpW2nIbs=">AAACK3icbVDLSsNAFJ3UV62vqEtBgkWoICWpgq6k4MZlBfuANoTJdNIOnZmEmYlYQnZ+jeBK/8SV4tZfcO0kzcJWD1w4nHMv997jR5RIZdvvRmlpeWV1rbxe2djc2t4xd/c6MowFwm0U0lD0fCgxJRy3FVEU9yKBIfMp7vqT68zv3mMhScjv1DTCLoMjTgKCoNKSZx4OGFRjwZJx6iXOaSOt5YIfJA/pyZXtmVW7buew/hKnIFVQoOWZ34NhiGKGuUIUStl37Ei5CRSKIIrTyiCWOIJoAke4rymHDEs3yf9IrWOtDK0gFLq4snL190QCmZRT5uvO7Ei56GXif14/VsGlmxAexQpzNFsUxNRSoZWFYg2JwEjRqSYQCaJvtdAYCoiUjm5uC0EhY3Duj8RnaUUH5SzG8pd0GnXnrN64Pa82a0VkZXAAjkANOOACNMENaIE2QOARPIEX8Go8G2/Gh/E5ay0Zxcw+mIPx9QO1b6f0</latexit>

h1,2(x) < 0
<latexit sha1_base64="uPrveEdIqFU05pVYwDuOkI2jYLE=">AAACK3icbVDLSsNAFJ3UV62vqEtBgkWoICWpgi5cFNy4rGAf0IYwmU7aoTOTMDMRS8jOrxFc6Z+4Utz6C66dpFnY6oELh3Pu5d57/IgSqWz73SgtLa+srpXXKxubW9s75u5eR4axQLiNQhqKng8lpoTjtiKK4l4kMGQ+xV1/cp353XssJAn5nZpG2GVwxElAEFRa8szDAYNqLFgyTr3EOW2ktVzwg+QhPbmyPbNq1+0c1l/iFKQKCrQ883swDFHMMFeIQin7jh0pN4FCEURxWhnEEkcQTeAI9zXlkGHpJvkfqXWslaEVhEIXV1au/p5IIJNyynzdmR0pF71M/M/rxyq4dBPCo1hhjmaLgphaKrSyUKwhERgpOtUEIkH0rRYaQwGR0tHNbSEoZAzO/ZH4LK3ooJzFWP6STqPunNUbt+fVZq2IrAwOwBGoAQdcgCa4AS3QBgg8gifwAl6NZ+PN+DA+Z60lo5jZB3Mwvn4Ash2n8g==</latexit>

h1,3(x) > 0
<latexit sha1_base64="v60B4cj+UCXRtDW7ov05PX9+DsU=">AAACK3icbVDLSsNAFJ3UV62vqEtBgkWoICVpBV1JwY3LCvYBbSiT6aQdOjMJMxOxhOz8GsGV/okrxa2/4NpJmoVtPXDhcM693HuPF1IilW1/GIWV1bX1jeJmaWt7Z3fP3D9oyyASCLdQQAPR9aDElHDcUkRR3A0FhsyjuONNblK/84CFJAG/V9MQuwyOOPEJgkpLA/O4z6AaCxaPk0HsnNeTSiZ4fvyYnF3bA7NsV+0M1jJxclIGOZoD86c/DFDEMFeIQil7jh0qN4ZCEURxUupHEocQTeAI9zTlkGHpxtkfiXWqlaHlB0IXV1am/p2IIZNyyjzdmR4pF71U/M/rRcq/cmPCw0hhjmaL/IhaKrDSUKwhERgpOtUEIkH0rRYaQwGR0tHNbSEoYAzO/RF7LCnpoJzFWJZJu1Z16tXa3UW5UckjK4IjcAIqwAGXoAFuQRO0AAJP4Bm8gjfjxXg3Po2vWWvByGcOwRyM71+3Jqf1</latexit>

h1,3(x) < 0
<latexit sha1_base64="sS/NcMqaFBIeV/N0u/YhRcgGQmg=">AAACK3icbVDLSsNAFJ3UV62vqEtBgkWoICVpBV24KLhxWcE+oA1lMp20Q2cmYWYilpCdXyO40j9xpbj1F1w7SbOwrQcuHM65l3vv8UJKpLLtD6Owsrq2vlHcLG1t7+zumfsHbRlEAuEWCmgguh6UmBKOW4ooiruhwJB5FHe8yU3qdx6wkCTg92oaYpfBESc+QVBpaWAe9xlUY8HicTKInfN6UskEz48fk7Nre2CW7aqdwVomTk7KIEdzYP70hwGKGOYKUShlz7FD5cZQKIIoTkr9SOIQogkc4Z6mHDIs3Tj7I7FOtTK0/EDo4srK1L8TMWRSTpmnO9Mj5aKXiv95vUj5V25MeBgpzNFskR9RSwVWGoo1JAIjRaeaQCSIvtVCYyggUjq6uS0EBYzBuT9ijyUlHZSzGMsyadeqTr1au7soNyp5ZEVwBE5ABTjgEjTALWiCFkDgCTyDV/BmvBjvxqfxNWstGPnMIZiD8f0Ls9Sn8w==</latexit>

h2,3(x) > 0
<latexit sha1_base64="ioO/7Dul+twWBYxeimBmwNRjYiY=">AAACK3icbVDLSsNAFJ3UV62vqEtBgkWoICVpBV1JwY3LCvYBbSiT6aQdOjMJMxOxhOz8GsGV/okrxa2/4NpJmoVtPXDhcM693HuPF1IilW1/GIWV1bX1jeJmaWt7Z3fP3D9oyyASCLdQQAPR9aDElHDcUkRR3A0FhsyjuONNblK/84CFJAG/V9MQuwyOOPEJgkpLA/O4z6AaCxaPk0FcO68nlUzw/PgxObu2B2bZrtoZrGXi5KQMcjQH5k9/GKCIYa4QhVL2HDtUbgyFIojipNSPJA4hmsAR7mnKIcPSjbM/EutUK0PLD4QurqxM/TsRQybllHm6Mz1SLnqp+J/Xi5R/5caEh5HCHM0W+RG1VGCloVhDIjBSdKoJRILoWy00hgIipaOb20JQwBic+yP2WFLSQTmLsSyTdq3q1Ku1u4tyo5JHVgRH4ARUgAMuQQPcgiZoAQSewDN4BW/Gi/FufBpfs9aCkc8cgjkY37+436f2</latexit>

h2,3(x) < 0
<latexit sha1_base64="KdJzqLfgETbm+YR8zaQUVPbIY1E=">AAACK3icbVDLSsNAFJ3UV62vqEtBgkWoICVpBV24KLhxWcE+oA1lMp20Q2cmYWYilpCdXyO40j9xpbj1F1w7SbOwrQcuHM65l3vv8UJKpLLtD6Owsrq2vlHcLG1t7+zumfsHbRlEAuEWCmgguh6UmBKOW4ooiruhwJB5FHe8yU3qdx6wkCTg92oaYpfBESc+QVBpaWAe9xlUY8HicTKIa+f1pJIJnh8/JmfX9sAs21U7g7VMnJyUQY7mwPzpDwMUMcwVolDKnmOHyo2hUARRnJT6kcQhRBM4wj1NOWRYunH2R2KdamVo+YHQxZWVqX8nYsiknDJPd6ZHykUvFf/zepHyr9yY8DBSmKPZIj+ilgqsNBRrSARGik41gUgQfauFxlBApHR0c1sIChiDc3/EHktKOihnMZZl0q5VnXq1dndRblTyyIrgCJyACnDAJWiAW9AELYDAE3gGr+DNeDHejU/ja9ZaMPKZQzAH4/sXtY2n9A==</latexit>
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5.8 Online learning



Online and batch learning

• Batch learning

• Weight correction once at each iteration, calculating the error for the whole dataset

• Relatively stable learning

• Online learning

• Weight correction for each data presentation, so N weight corrections per iteration

• Guided by the error on each observation (E (w,w0|xt))

• Requires permutation of the processing order at each iteration to avoid bad

sequences

• Online learning is faster than batch learning, but with the risk of greater instabilities
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Stochastic gradient descent

• Stochastic gradient descent
• Going further than online learning: random sampling of the training dataset

• Typical algorithm:

1. Randomly (uniformly) sample one observation xt in X , t ∼ U(1,N)

2. Determine the value of the learning rate, typically ηl = 1/l where l is the index of the

current data in its order of processing

3. Correct weights by gradient descent

∆wj = −ηl ∂E(w,w0|xt)

∂wj
, j = 0, . . . ,D

4. Repeat until convergence or depletion of resources

• Requires a decreasing adjustment of the learning rate for each data

• Interesting for processing very large datasets in one pass

• Also allows to stop the learning at any time

• Can also be adapted to the processing of data streams
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5.9 Basis functions



The XOR problem

• The XOR problem

x1 = [0 0]> r1 = 0

x2 = [0 1]> r2 = 1

x3 = [1 0]> r3 = 1

x4 = [1 1]> r4 = 0

• Example of non-linearly separable data

−0.5 0 0.5 1 1.5
−0.5

0

0.5

1

1.5

43



Basis functions

• Discriminant with basis function

• Non-linear transformation φ : RD → RK processed in a linear form

hi (x) =
K∑

j=1

wjφi,j(x) + w0

• Example of basis functions

• φi,j(x) = xj

• φi,j(x) = x j−1
1

• φi,j(x) = exp(−(x2 −mj)
2/c)

• φi,j(x) = exp(−‖x−mj‖2/c)

• φi,j(x) = sgn(xj − cj)

44



Projection with a basis function

x
<latexit sha1_base64="xpmuzdtTjlBMNBWmJyvn//aFa0I=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4TMA9IljA7mSRD5rHMzIphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZrQBlFc6XaEDeVM0oZlltN2rCkWEaetaHw381uPVBum5IOdxDQUeCjZgBFsnVR/6hVLftmfA62TICMlyFDrFX+6fUUSQaUlHBvTCfzYhinWlhFOp4VuYmiMyRgPacdRiQU1YTo/dIounNJHA6VdSYvm6t+JFAtjJiJynQLbkVn1ZuJ/Xiexg9swZTJOLJVksWiQcGQVmn2N+kxTYvnEEUw0c7ciMsIaE+uyWdrCiBICL/2RRmJacEEFq7Gsk2alHFyVK/XrUrWSRZaHMziHSwjgBqpwDzVoAAEKz/AKb96L9+59eJ+L1pyXzZzCEryvX6fJm/s=</latexit>

x
<latexit sha1_base64="xpmuzdtTjlBMNBWmJyvn//aFa0I=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4TMA9IljA7mSRD5rHMzIphyRcInvRPvIlX/8Ef8ewk2YNJLGgoqrrp7opizoz1/W8vt7G5tb2T3y3s7R8cHhWPT5pGJZrQBlFc6XaEDeVM0oZlltN2rCkWEaetaHw381uPVBum5IOdxDQUeCjZgBFsnVR/6hVLftmfA62TICMlyFDrFX+6fUUSQaUlHBvTCfzYhinWlhFOp4VuYmiMyRgPacdRiQU1YTo/dIounNJHA6VdSYvm6t+JFAtjJiJynQLbkVn1ZuJ/Xiexg9swZTJOLJVksWiQcGQVmn2N+kxTYvnEEUw0c7ciMsIaE+uyWdrCiBICL/2RRmJacEEFq7Gsk2alHFyVK/XrUrWSRZaHMziHSwjgBqpwDzVoAAEKz/AKb96L9+59eJ+L1pyXzZzCEryvX6fJm/s=</latexit>

x2
<latexit sha1_base64="chCiDWI9hXtogSQAw5zu693jAS8=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd1V0GPAi8eI5gHJGmYns8mQmZ1lZlYMSz5B8KR/4k28+gv+iGcnyR5MYkFDUdVNd1eYcKaN6347K6tr6xubha3i9s7u3n7p4LChZaoIrRPJpWqFWFPOYlo3zHDaShTFIuS0GQ6vJ37zkSrNZHxvRgkNBO7HLGIEGyvdPT343VLZrbhToGXi5aQMOWrd0k+nJ0kqaGwIx1q3PTcxQYaVYYTTcbGTappgMsR92rY0xoLqIJueOkanVumhSCpbsUFT9e9EhoXWIxHaToHNQC96E/E/r52a6CrIWJykhsZktihKOTISTf5GPaYoMXxkCSaK2VsRGWCFibHpzG1hRAqB5/7IQjEu2qC8xViWScOveOcV//aiXPXzyApwDCdwBh5cQhVuoAZ1INCHZ3iFN+fFeXc+nM9Z64qTzxzBHJyvX+G4nJ8=</latexit>

✓
x
x2

◆

<latexit sha1_base64="ovGFmUeCEuD7383+9MpgXyLsgSs="></latexit>

• In 1D: non-linearly separable

• With 2D projection: linearly separable
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Basis functions

• XOR resolution with basis function

φ : R2 → R3

φ(x) = [x1 x2 (x1x2)]>

• Transformation results

z1 = [0 0 0]> r1 = 0

z2 = [0 1 0]> r2 = 1

z3 = [1 0 0]> r3 = 1

z4 = [1 1 1]> r4 = 0

• Linearly separable data in the new

space!
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5.10 Linear discriminants in

scikit-learn



Scikit-learn: linear models

• discriminant analysis.LinearDiscriminantAnalysis: parametric methods

to generate linear discriminants

• linear model.LinearRegression: least squares linear regression

• linear model.Ridge: ridge regression (least squares + l2 regularization)

• linear model.Lasso: LASSO (least squares + l1 regularization)

• linear model.LogisticRegression: logistic regression

• linear model.Perceptron: linear discriminant trained with the perceptron rule

• linear model.SGDClassifier and linear model.SGDRegressor: linear

models trained by stochastic gradient descent
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Scikit-learn: multi-class management

• Scikit-learn classifiers can manage multiple classes out-of-the-box

• Models for specific multi-class management

• multiclass.OneVsRestClassifier: one versus all approach

• multiclass.OneVsOneClassifier: one versus one approach

• multiclass.OutputCodeClassifier: Error correction codes (to be seen in

presentation on Ensemble methods in the second half of the semester)
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