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2.3 Parametric estimation



Parametric estimation

e Dataset X = {x!}N | where x! ~ p(x)

e Independent and identically distributed variable (iid)
e Parametric estimation

e Family of probability densities p(x|6)

e Estimate 6 : sufficient density statistics

e With a normal distribution N'(11,02), 0 = {u,0}
e Estimate of 8 from X



Likelihood of an estimate

e Likelihood of an estimate parameterized by 0

N

1(61%) = p(x16) = T p(x']6)

t=1

e p(x|0) is equivalent to the likelihood that a sample x* is obtained given 0
e Since the x! are iid, we do a product of likelihoods



Maximum likelihood

e Log-likelihood function

L(A]X) = log I(0|X) = Zlogp x*|0)

e log(ab) = log(a) + log(b)

e log(a") = nlog(a)
e Log allows to simplify the equations for some densities (e.g. normal distribution)
e Maximum likelihood estimate: find the value of 8 making the sampling X the

most probable
0" = argmax L(0|X)
Vo



Example: Bernoulli’s law

e Bernoulli's law: P(x) = p*(1 — p)1~*, x € {0, 1}

e Log-likelihood function:

N
L(plx) = |0ng(Xt)(1—p)(1’Xt)

- leogp—i—(N Zx)logl— p)

e Maximum likelihood estimate:

dL(p|X)
dp

N
Et:l xt



Example: categorical law

e Categorical law: Bernoulli generalization to K mutually exclusive states
e State x = (x1,X2,...,Xk), variables x; € {0, 1} and >, x; =1
e Each variable x; has a probability p;, with . p; =1

State probability: p(x) = H,K:l py

Independent experiments: X = {xt}N

e Maximum likelihood estimate:

IL(p|X)

Ipi

t
:0 = ﬁi:z/ilXI)i:]-v"'vK




Example: normal distribution

e Normal distribution: distribution parameterized by a mean p and a standard

1 (x — p)?
x) = exp | ————5—
P V2o p[ 202
e Likelihood according to a sampling X = {x*}_, with xt ~ NV (j1,0?)

>oe(xt — p)?

202

deviation o

],—m<x<m

N
L(p,o|X) = ) log(27) — Nlogo —

o Maximum likelihood with 2H421%) — g and 2HelX) — g
_ X
TN
2 _ zx-m)y
N



Bias of an estimator

d(X), estimate of # with X
Quality of the estimate of d(X): (d(X) — 0)?
Quality of estimator d:

r(d.0) = Ex [(d(X) — 6)?]
e Evaluation of d on all possible samples X

Bias of the estimator

bo(d) = Ex [d(X)] — 0

e Unbiased estimator: by(d) = 0 for all the possible values of 6



Reminder: expectation

e Expectation of a continuous random variable X having a density fx(x):

E(X) = /]R x () dx

e The transfer theorem applies for measurable functions g(X) of the random variable
X:
Ble(x) = | £0x) felx) o

e So for a constant a, the expectation of g(X) = a X is:
E(aX) = / ax Fi(x) dx = a/ x Fe(x) dx = aE(X)
R R
e And for the sum of two functions of X, g(X) = m(X) + n(X):

E(m(X) + n(X)) = /R(m(X) + n(X)) fx (x) dx = E(m(X)) + E(n(X)) .



Bias of the estimator m

e Suppose samples with a density of mean p

e m is an unbiased estimator of

Ex[m] = Ex[Zf ] NZIE [xf]_fz

e Variance of the estimator

xt 1 No? o2
Var;((m) = Vary (Z/i/ > = szt:\/ar)((xt) - =

N2 N

e Reminder: Var(x) = E[(x — E[x])?] = E[x?] — E[x]?
e Efficient estimator: Nlim Vary(m) =0
— 00

e Convergent estimator: lim m = p
N—oc0

e Strong law of large numbers



Bias of the estimator s

e Standard deviation o of a normal distribution A/ (1,0?)

e 52 is a maximum likelihood estimator of o2

2o 2xf—mp? 3 (xF)? — Nm?

ST N - N
e Quality of the estimator s>
Bl(ef] = o
Ex[m?] = o&%/N+ 2
i) — SeBale] N Erl]
N(o? + 2) — N(0?/N + 1i2) N —1
_ (U+H)N(0'/ +H): NU27£02

e Estimator s? is biased!
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2.4 Bayesian classification




Bayesian classification

e Bayes rule for classification
p(x|G)P(C) _ p(x|G)P(G)
PO P GIP(C)
e Corresponding discriminant function (p(x) the same V(;)
hi(x) = p(x|G)P(C)
= log p(x|C;) + log P(C;)
e With p(x|C;) following a normal distribution A (p;,0%)

P(Ci|x) =

1 (x — wi)?
p(x|C) = o &P [— 52
1 — pi)?
hi(x) = — log2m —logo; — (ngg) +log P(C;)

i
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Example of Bayesian classification

e Suppose dataset X' = {xt,r'}V | where rf

=1if x* € G; and rf = 0 otherwise
Fa t
e Estimation of a priori probabilities: P(C;) = Z/Qri
e Estimation of means: m; = X

Er rit

£ 02t
e Estimation of standard deviations: s? = Zbeom)
e Corresponding discriminant function

h,‘(X) =

NG

1 x — m;j)? N
5 log 27 — log s; — ( 252 ) + log P(C))
e Simplifications
1. —1log2r is a constant

2. Assume an equal variance, o; = 0}, Vi,j

3. Suppose the same a priori probability, IS(C,-) = IS(CJ), Vij
e We then do a classification based on the closest mean

hi(x) = —(x —m;)> = C; = argmin |x — my| 1
Cx



Likelihoods with two classes, same variance

Class PDFs
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Boundaries: hi(x) =hy(x) = (x—m)?=(x—m)? = x=mim

13



Likelihoods with two classes, different variance

Class PDFs
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2.5 Regression




Regression

e Regression of a function f(x)
o r=1(x)+e¢
e x: independent variable
e f(x): dependent variable
® € noise
e Approximation of f(x) using the estimator (hypothesis) h(x|)

e We can assume € ~ N(0,0?), a Gaussian white noise centred at zero (mean = 0)

and with constant variance o2

p(rlx) ~ N(h(x]0).0%)

15



Maximum likelihood estimate

e Log-likelihood with dataset X = {x*,rt}N_ iid

p(x,r) = p(xNr)=p(rlx)p(x)
N N N
LOIX) = tog [ pxtrt) = log [] p(rilxt) + log [ p(x')
t=1 t=1 t=1
e As p(xt) is independent of § and p(r|x) ~ N (h(x|6),0?)

L (r' —h(x"0))?
L(O|X) = lo | | exp | ——mm+—
( ’ ) gt:1 /72770' p |: 20.2 :|

= log [(\/217U>Nexp [—%; ;(rf _ h(xtyﬁ))2”
= ~Niog (V2ro) — 5 EN:(rf _h(x[6))?

t=1 16



Least squares estimate

e least squares estimate

_ } t_ t 2
E(@1%) =3 ;(f h(x*[0))
o Maximize likelihood
N
L(8]X) = —Nlog (\/2m) - iz Z h(xt[6))?

° —Nlog( 27r0) and 1/0? are independent of @
N
L(O1X) = =3 >y (rf = h(x"]6))?
E(0|X) = %Z?’:l(rf —h(xt|))? is the quadratic error
Minimizing E(0]X’) gives a least squares estimate of 6

0y = argmax L(0|X) is equivalent to 0}, = argmin E(0|X)
Vo Vo
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Linear regression

e Linear model of h(x|0)
h(x*|wi,wp) = wax" + wo

e Estimate of wy and wy according to E(wy,wp|X)

N
E X
9E (w1, w0l X) (ng’vl;vo‘ ) Z(—rt—i—wlxt—i-wo) =0
t=1
N N
:Zrt = /VWo—l—WlZXt
t=1 t=1

(=rixt 4+ wi(x")? + wox') =0

t=1 t=1 t=1 18



Matrix formulation (ordre 1)

e Matrix formulation of the estimate of wy and wy according to E(w1,wp|X)

Aw =y
EARRES
Sext (x| wi | Yo rixt

e Solve with w = A1y

where A =

19



Matrix formulation (order k)

e A polynomial of order k

e Solving the equation Aw =y
N > xt Zt(xt)z
> xt Er(xt)z Zt(xt)3
A= . . .

PORCO LI SPL L SHOS L

e We can now solve w = (DTD)"'D'r

PINEDY
3L ()R

()2

h(xwi, .. ., wa,wi,wo) = wi(x)* + -+ wa(x')? + wixt + wp

wo
wy
w2

et
Srixt
St

PINECN

20



Other types of errors

e Quadratic error

N
S (rf - n(xt9))?

t=1

N

E(0]X) =

e Relative quadratic error

S (rf = h(x1]9))?
E(G|X) =
) S (rt = F)2

e Absolute error

N
E(01X) = |r* = h(x'|0)|

t=1

21



2.6 Bias-variance tradeoff




Bias-variance tradeoff

e Expected quadratic error

E[(6—c)’] = E[(¢—-E[6)?] + (E[] —c)
E[(r—h(x)?)x] = E[(r—E[r[x])’|x] + (Elr[x] - h(x))’
noise quadratic error

o Noise: does not depend on h(:) or X = cannot be removed
e Quadratic error: level of deviation of h(-) relative to E[r|x]

e Average of h(-) over all possible X ~ p(r,x)

Ex [(B[r|x] = h(x))* x| = (Elrlx] = Ex[b(x)])’ + Ex [(b(x) - Ex[n(x)])’

bias®

variance

22



Bias and variance

High bias and variance High bias, low variance
Low bias, high variance Low bias and variance

23



Example of bias-variance trade-off

e Suppose different data sets X; = {x/,rf}, i =1,...,M, from a noisy function
f(-)+e
e In practice, we don't know f(-)
e h;(x) generated by training on X;
o E[h(x)] = % 2, hi(x)
e Associated bias and variance

) _ l : t\] t\]2
bias?(h) = NZ[E[h(x )] - £(x)]

1t:1N M 2
variance(h) = NV Z Z [hi(x*) — Efh(x")]]
t=1 i=1

e h;(x!) =c = constant bias, zero variance (underfitting)
e hi(x*)=>,rf/N = | bias, T variance
e Low or no bias, high variance: overfitting 24



Complexity and bias-variance trade-offs

Original data R Polynomial degree = 1 R Polynomial degree = 3
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Error vs bias-variance trade-off
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Error vs complexity

10
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Model selection

e In practice, one cannot calculate the bias and variance of a model

e Cross-validation provides an empirical measure of total error

e Regularization: integrating a measure of complexity in the optimization

E’ = (empirical error) + A (model complexity)
e )\ controls complexity penalty
e )\ usually adjusted by cross-validation
e Measures of complexity

e Vapnik-Chervonenkis Dimension (VC-dim)
e Minimum description length: description of the minimum size of data

28
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